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COVARIANT KSGNS CONSTRUCTION 
AND QUANTUM INSTRUMENTS 


ERKKA HAAPASALO AND JUHA-PEKKA PELLONPAA 

Abstract. We study positive kernels on A x A, where A is a set equipped with 
an action of a group, and taking values in the set of A-sesquilinear forms on a 
(not necessarily Hilbert) module over a C'*-algebra A. These maps are assumed 
to be covariant with respect to the group action on A and a representation of 
the group in the set of invertible (A-linear) module maps. We find necessary and 
sufficient conditions for extremality of such kernels in certain convex subsets of 
positive covariant kernels. Our focus is mainly on a particular example of these 
kernels: a completely positive (CP) covariant map for which we obtain a covariant 
minimal dilation (or KSGNS construction). We determine the extreme points of 
the set of normalized covariant CP maps and, as a special case, study covariant 
quantum observables and instruments whose value space is a transitive space of a 
unimodular type-I group. As an example, we discuss the case of instruments that 
are covariant with respect to a square-integrable representation. 


1. INTRODUCTION 

In standard quantum mechanics, instruments are the appropriate mathematical 
representatives of quantum measurement processes [II1I251 [331131]. An instrument 
is described as a map F : £(30) x S —)■ £(fK) that takes pairs of outcome sets of 
the measurement, with the outcome space modelled by a measurable space (fl, S), 
S C IP(fl), and bounded operators on the output Hilbert space % of the measurement 
into bounded operators on the input Hilbert space “K such that as a set function the 
instrument is weakly a-additive and r(.,X) is completely positive (CP) and normal 
(a-weakly continuous) for any A G E. In the pre-dual picture, the instrument maps 
the input quantum state p (trace-1 positive operator on df) into a sub-normalized 
output state r(p. A) = [r(.,A)]*(p) on the output quantum system modelled by 
X. This output state is interpreted as the conditional transformed state after the 
measurement conditioned by registering an outcome in A. Moreover, the probability 
of detecting a measurement outcome in A when the pre-measurement state of the 
system was p is tr[r(p. A)]. The instrument T contains a quantum observable My, 
i.e., a positive operator measure and a channel £r as its marginals, 

Mr = r(/3c,-), £r = r(.,H). 

Here, Mp is the actual physical quantity to be measured on the system and £r 
corresponds to the unconditioned over-all state transformation induced by the mea¬ 
surement. Thus quantum observables, channels, and instruments have a central role 
in the quantum theory of measurement [I] and CP maps in general are involved in 
many helds of mathematics and physics [SlilZlESI. 

In extensions of quantum theory, particularly in quantum held theories, general¬ 
izations of these CP maps are needed. This is why, in this paper, we study positive 
dehnite kernels and, as a special example of them, CP sesquilinear-form-valued maps 
on C'*-algebras operating in modules over C'*-algebras. The study of kernels provides 
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a platform for a unified treatment for generalized quantum measurement devices and 
positive kernels studied earlier, e.g., in [30]. This approach is based on our earlier 
work on positive kernels [361135] largely inspired by Murphy’s paper and also 
by [30] which contains many applications (e.g. a construction of Bose-Einstein fields 
by using positive kernels). 

The structures of measurement devices such as instruments and observables are 
convex in any probabilistic physical theory, particularly in quantum theory. Ex- 
tremality in a convex set can often be seen as an optimality property; extreme 
observables and instruments contain no noise and ambiguity from combining dif¬ 
ferent measurement schemes. Another important theme in physics is symmetry 
[IHEH]: quantum measurement devices usually exhibit natural symmetries of the 
measurement outcome space such as phase space translation symmetries in position 
and momentum measurements. In this paper, we concentrate on convex sets of pos¬ 
itive definite kernels and CP maps which are covariant under actions of a symmetry 
group on the inputs and outputs of the maps. Particularly, we study the dilations 
(Kolmogorov decompositions) and structure of these covariant maps and use these 
results to characterize the extreme points of convex sets of covariant kernels and 
CP maps. Results dealing with covariant CP maps have been published earlier (see, 
e.g., [ainiiiniEiiiiiEiiisg]) but our research on extremality, generalizing the char¬ 
acterization of extreme CP maps (between C'*-algebras) presented in [1], seems to 
be novel. 

The study of covariant quantum instruments has arisen from Holevo’s article 
[T9] where some questions were left open. As we will see, the characterization of 
covariant instruments reduces to (generalized) imprimitivity systems which have 
been studied extensively and used in quantum physics as a fundamental tool to 
describe symmetric quantum observables iziEn]. In physics, most symmetry groups 
are unimodular and of type I. Such groups have enough structure (e.g. unitary 
Fourier-Plancherel operators) to completely characterize covariant observables [18] . 
We will generalize results of papers [3 HHED] for covariant observables and also 
extend this study for quantum instruments. Particularly, the results obtained in [8] 
linking covariant positive operator measures to canonical systems of imprimitivity 
are special cases of theorems in Sections H] and |6l 

The paper is arranged as follows: In Section 13 we give general definitions and 
basic results concerning modules over C'*-algebras and Hilbert modules. In Section 
13 the covariant positive kernels are dehned and their minimal covariant Kolmogorov 
decompositions are studied (Theorem [1] and Corollary [1]) . The extremality condi¬ 
tions for normalized covariant positive kernels are given in Theorem |2j We introduce 
covariant CP maps as an example of covariant positive kernels in Section 0] and give 
results on their dilation theory and extremality properties in Theorems [3] and 13 In 
all these findings, we show that, assuming the multiplying algebra of the module 
to be a iy*-algebra instead of being merely a C'*-algebra, especially the extremal¬ 
ity conditions become simpler. Moreover, in the W^-case, the dilation modules of 
covariant kernels and CP maps can be assumed to be self-dual. In Section I3 we 
define the concept of a subminimal dilation which is useful in the study of covariant 
quantum instruments. The relevant generalized covariant quantum CP maps are 
presented in Section |6l and their structure is characterized in Propositions E] 13 I3 
13 and 13 In the case of a locally compact second countable symmetry group and a 
transitive value space, this result can be expressed by means of canonical systems of 
imprimitivity, giving a version of the imprimitivity theorem for generalized quantum 
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instruments. A similar result for ordinary quantum instruments has been proven in 
[6]. After this, we go on to examine quantum observables and instruments that are 
covariant with respect to a unimodular type-I group (Section [7j) and apply our find¬ 
ings to the case of a square-integrable representation. Especially, a representation 
of Kraus type for a covariant instrument, conjectured in [19], is shown to exist in 
Theorem [6l 


2. Notations and definitions 

Throughout this paper, we follow the convention N = {1, 2, 3,...} and assume 
that the scalar field of any vector space is C, the complex numbers. Let T = {c G 
C I |c| = 1} be the circle group. Moreover, we let || • Hat, or briefly || • ||, denote 
the norm of any normed (vector) space N and let ly be the identity operator of a 
vector space V 

Let A be a C*-algebra. We say that an element a G A is positive, a > 0, if 
a = b*b for some 6 G A. If A is not unital we let A = A x C = A © C denote the 
unitalization of A so that = (0,1) is the unit element of A. If A is unital we 
denote its unit element by and set A = A in all equations where the symbol A 
occurs. Let Ua = {a G A | a*a = aa* = 1^} be the group of unitary elements, Invyi 
the group of invertible elements, and %a the center of A. Hence, Ua = U^ C Invyi 
and Za = Z^. 

Let V be a (right) moduli over A, or briefly an A-module. We say that a map 
s : V X V —)■ A is an A-sesquilinear form if 

(51) s{u, V + cw) = s{u, v) + cs{u, w), 

(52) s{v + cw, u) = s{v, u) + cs{w, u), 

(53) s{u,va) = s{u,v)a and 

(54) s{ua,v) = a*s{u,v) 

for all u, V, w ^ Y, c E C and a G A. We denote the set of A-sesquilinear forms 
s : V X V —)■ A by Sa{Y). If, additionally, 

(55) s{v, n) > 0 

for all n G V, we say that the A-sesquilinear form s is positive. Note that (SI), 
(S2), and (S5) imply s{w,v) = s{v,w)* for all n, w G V. If s : V x V —)■ A satishes 
conditions (S1)-(S6), where 

(56) s{v,v) = 0 (if and) only if n = 0, 

we say that s is an inner product. For an inner product s : V x V —)■ A we often 
denote s{v,w) = (n|tc)v = {v\w). When an A-module V is equipped with an inner 
product (• I •) : V X V ^ A, we may define a norm || ■ || : V —)■ [0, cx)) through 

= \/|K^I^^)IU> n G V, 

and, if the normed space (V, || • ||) is complete, V is called a Hilbert A-module (or a 
Hilbert C^-module over A). 

When V and W are A-modules we say that a map L : V ^ W is A-linear if 
L{v + cw) = L{y) + cL{w) and L{ya) = L{y)a for all n, w G V, c G C and a G A. 
We denote the set of A-linear maps L : V —?• W by LinyL(V; W). We also denote the 
set of A-linear maps L : V —?■ V by Liny^(V), and define the commutator [Li, Lfl = 
L 1 L 2 — L 2 L 1 G Linyi(V) for all Li, L 2 G Linyi(V). Moreover, let GLyi(V) C Linyi(V) 

^We do not assume that V is an inner product module or a Hilbert C'*-module over A. 
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be the group of yi-linear bijections on V. If a belongs to the center of A we dehne 
the right multiplication map a. G Lin 4 (V) by a.v := va for all n G V. 

Suppose next that (M, (• | •)) is a Hilbert yi-module and denote the set of bounded 
yi-linear maps i? : M —)■ M by Syi(M). Let M* denote the set of continuous yf-hnear 
maps / : M —)• yi. We say that M is self-dual if for any / G M* there exists an m G M 
such that f{m') = {m\m') for all m' G M. For example, any Hilbert yi-module M 
is self-dual if yi is hnite-dimensional [2S]. Let B G !Byi(M). If there is B* G ®yi(M) 
such that {m\Bm') = {B*m\m') for all m, m' G M we say that B is adjointable. 
Denote the C*-algebra of adjointable maps B G ®yi(M) by /Cyi(M). It is easy to see 
that if M is self-dual then /Cyi(M) = !Byi(M). If i? G /Cyi(M) and B* = B we say 
that B is self-adjoint and if B is invertible and B* = B~^ then B is unitary. A map 
B G /Cyi(M) is unitary if and only if it preserves the inner product and is surjective 
[26]. We denote the group of unitary yi-linear maps on M by 'Uyi(M). Especially, 
'U^(yi) = Ua- In the case yi = C (so that M is a Hilbert space), we denote simply 
£c(M) = L{M) and Uc(M) = 'U(M). 

Remark 1. Suppose that A is a C'*-algebra which is not unital, and V is an A- 
module. Let A = A © C be the unitalization of A. Immediately one sees that V can 
be viewed as an A-module and, if M is a Hilbert A-module, then M is also a Hilbert 
A-module. Any A-sesquilinear form s : V x V —)■ A can be seen as an A-sesquilinear 
form V X V —)■ A which we denote by the same symbol s. A similar result holds for 
A-linear maps. For example, if R G £yi(M) then B G /C^(M) and a. G /C^(M) for 
all a G Za- 

Definition 1. Let G be a group, e the neutral element of G, and V a module over a 
G*-algebra A. Let a \ G x G —)■ llyi.nZ.yi be a 2-cocycle, that is, a{e, g) = 1^ = a{g, e) 
and a{g, hk)a{h, k) = <j{gh, k)a{g, h) for all g, h, k G G. We say that a map 
U : G ^ GLyi(V) is a (a-)multiplier representation of G on V if U{e) = Jy and 
U{gh) = a{g, h).U{g)U{h) for all g, h E G. If the 2-cocycle is trivial, a{g, h) = 1^, 
then the group homomorphism U : G ^ GLyi(V) is called a representation of G on 
V. Finally, we say that a (multiplier) representation U : G ^ 'Uyi(M) is a unitary 
(multiplier) representation of G on a Hilbert A-module M. 

Remark 2. Recall that any G*-algebra A can be viewed as a norm-closed *- 
subalgebra of -L(Ff), where d£ is a Hilbert space, and then each Hilbert A-module M 
can be identihed with a norm-closed A-submodule of £(1K; FC'), the set of bounded 
linear operators from A to a Hilbert space d£' [371 Gorollary 3.14]. Now M C 
£(d£; FC') is equipped with the inner product (m|m') := m*m', m, m' G M, and the 
norm m ha ||m|| = ^J\\m*m\\ji(yCj which is the usual operator norm of 
Moreover, the G*-algebra /Cyi(M) of A-linear bounded adjointable operators on M 
can be identihed with a norm closed *-subalgebra 23 C £ (F£') through 

23 9 6 HA- R G £yi(M), R(m) = 6m, m G M C £(2-C; A'). 

If A is a fF*-algebra then it can be seen as a von Neumann algebra, that is, a *- 
subalgebra of £ (24) which is strongly closed and contains the identity Io<- Moreover, 
any self-dual Hilbert A-module M becomes then a strongly closed A-submodule 
of £(24; 24') and £yi(M) is a IF*-algebra [311 Proposition 3.10]. For example, if 
A = £(24) then all self-dual Hilbert £(24)-modules are of the form £(24; 24') [51 
Proposition 13.9]. One has ££( 3 <) (£(24; 24')) = -L(24'), so that, especially, the uni¬ 
tary group Il£( 5 ^)(£(lK; 24')) is just the group 11(24') of unitary operators on df'. 
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Remark 3. Whenever L is a self-dual Hilbert yi-module over a W*-algebra A we 
may define for all 99 e A'^ {A'^ being the positive cone within the predual A^ of A) 
and f" G L the seminorms p^p and on L through 

= pM() = \‘eW'\l))l ("eL. 

We denote by ti the topology of L induced by all the seminorms and by T 2 the 
topology induced by the seminorms p^/'. It follows that L is complete with respect 
to these topologies [28l Theorem 3.5.1], 

Suppose that .A is a W*-algebra and M is a Hilbert yi-module. The module M 
can be seen as a subset of its dual M* through the map M 3 m 1 —>■ m G M*, 
rh{rn') = {m\m'). There is an inner product (• | ■) : M* x M* —)■ A that makes 
M* into a self-dual Hilbert /l-module and (m|m') = (m|/) = /(m) for all 

m, m' G M and / G M* m Theorem 3.2]. Moreover, each yi-linear adjointable 
operator B G /Cyi(M) extends to a unique B G /Cyi(M*) = Syi(M*) [211 Corollary 
3.7]. We may endow M* with the topologies Ti and T 2 introduced above. As a subset 
of M* the original module M is Ti-dense; this follows from an analysis parallelling 
that of the proof of the indication (ii)^(i) in the proof of [221 Theorem 3.5.1]. 
Similarly, applying the same theorem, M is r 2 -dense in M*. 

For example, assume that A = £(Clf) and consider a Hilbert A(lK)-module M so 
that (as a self-dual module) M* = L{‘K]'K') (here df and df' are Hilbert spaces). 
We may identify £(df)+ with the set T(d{)’'' of positive trace-class operators on df, 
and for the seminorms pt, t G T(df) + , generating the topology Ti this implies 


Pt{ra) = y/tr[tm*m] = 


\ 




12 _ 




m 


i=i 


for all m G T(dC;d£'), where the vectors G df constitute a decomposition t = 
follows that ti is generated by the seminorms for sequences of 

vectors such that Il'CjlP < 00 • We call this topology as the a-strong topology of 
/C(d{;df'). Similarly, the topology T 2 is induced by the seminorms m' ha |tr[tm*m']| 
for t G T(df)+ and m G A(df, df') so that we call it as the cr-weak topology of 
/C(df, df'). Hence, any Hilbert /C(df)-module can be viewed as a cr-strongly/weakly 
dense T (df)-submodule of A(df; df') with some Hilbert space df'. 


Remark 4. Let H be a set equipped with a cr-algebra S, and let i/ : S —)■ [0, cxo] be 
a (T-hnite measure. We let denote the von Neumann algebra of (equivalence 

classes of) essentially bounded //-measurable functions / : H —>■ C. Moreover, 
we let T^(z/) be the Hilbert space of (equivalence classes of) //-square integrable 
(measurable) functions -0 : H —)■ C and let 


(1) df0 = / A^n(u}) du{oj) = 

Jo. 

be the direct integral Hilbert space [12] where H 3 a; ha- niu) G {0} U N U {cxd} is 
//-measurable and, for each n G {0} U N U {cxo}, df„ is an u-dimensional separable 
Hilbert space and //„ is the restriction of v to the a-algebra := E fl where 
:= {ca G H I niu) = n}. Note that, in our dehnition, the direct integral 
depends essentially only on the multiplicity function u ha n{oj) (and the measure 
//). As above, without any further mention, we identify the Hilbert space L^(//;df) 


L'^iyn) ® Ar, 


.nSN 


© [L\iy^) © dfoo] 
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of (equivalence classes of) i/-square integrable functions -0 : —)■ IK with 0fK 

(where CK is a Hilbert space). 

Let u' be the restriction of z/ to S' := S fl H', := H \ Hq- Note that IK® 

is separable if and only if L^(z/') is separable which is the case exactly when the 
measure space (H', S', z/') has a countable basis [381 Theorem 8.1]. 

Since any / G L°°(z/) dehnes a multiplicative (or diagonalizable) operator / G 
£(1K®) through (/'0)(a;) = /(a;)'0(a;) for all ■0 G IK® and z/-a.a. a; G one can view 
L°°{v) as a von Neumann subalgebra of £(1K®) and the commutant of L°°{v) is 
the von Neumann subalgebra consisting of the decomposable operators of /C(1K®)3 
Moreover, IK® is a self-dual Hilbert L°°(z/)-module. 

It is well known that any abelian von Neumann algebra of bounded operators 
on a separable Hilbert space IK' is isomorphic to some where the measure 

fi : T, ^ [0, cxd) is cr-£nite (with a countable basis). In addition, IK' is unitary 
equivalent with some direct integral Hilbert space where L°°(p) acts multiplicatively 
as above [El. 


3. Positive covariant kernels 

Suppose that G is a group and X is a G-space, i.e. the (nonempty) set X is 
equipped with a G-action G x X 3 {g,x) gx & X, that is, {gh)x = g{hx) for all 
g, h E G and x E X and ex = x, x E X, where e is the unit of G. Assume that 
A is a (possibly nonunital) G*-algebra, V an A-module, and G : G —?• GLyi(V) a 
representation of G on V. Moreover, let us £x a map a : G x X —>■ Invyi fl Za such 
that a{e,x) = 1^, x E X, and 

(2) a{gh,x) = a{g,h)a{h,x)a{g,hx), g,hEG, x E X. 

where a : G x G ^ Ua fl 2,^ is a 2-cocycle called as the 2-cocycle associated to a. 

Definition 2. We say that a (non-zero) map X = [XxX 3 {x,y)e3K^^yESA^)\ 
is a positive {X,a,U)-covariant kernel or simply positive covariant kernel if it is 
positive, i.e., for all n G N, a:i,..., G X and Ui,..., G V 

n 

^ ^ ^xj,xk{yj,Vk) > 0 
j,k=l 

and covariant, i.e., for all G G, x, i/ G X and v, w eY 

(3) Kg^^gy{v,w) = o{p, x)*K^{u{g~^)v, U{g~^)w)a{g, v). 

We denote the convex set of (X, a, G)-covariant positive kernels by Ker^(X). Note 
that, by Remark [T], G ^^(V) for all x, y E X but still the right hand side of 
equation (|2]) belongs to A since A • A C A. 

Theorem 1. Suppose that K E Ker^(X). There is a Hilbert A-module (M, (• | •)), 
a mapping i? : X —)■ Linyi(V; M) and a a-multiplier representation U : G ^ ^^^[.(M) 
with the 2-cocycle a associated to a (i.e. U{e) = Im and U{g)U{h) = a{g,h).U{gh) 
for all g, h E G) such that 

(i) Kx,y{v,w) = {R{x)v\R{y)w) for all x, y E X and v, w eY, 

(ii) hnc{i?(a;)n | a; G X, v eY} is dense in M and 

^Recall that a decomposable bounded operator D = D{ijj) dr{u}) is defined by a weakly 
measurable field P D w >->• S L(Jf„(^)) such that ||Z)|| = z/—ess sup^gQ ll^(^)ll < °° 

[D'f){(jj) = D(jj)'ijj{uj) for all ip G J{® and z/-a.a. w G P. 
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(iii) R{x)U{g) = a{g,g ^x).U{g)R{g ^x) for all x & X and g E G. 

If {M', R',U') is another triple satisfying the conditions (i)-(iii) above, then there 
is a unitary map W G Linyi(M, M') such that WR{x) = R\x) for all x & X and 
WU{g) = U'{g)W for all g G G. Conversely, if (M, (• | •)) is a Hilbert A-module, 
R : X ^ Liny^(V; M) a map, and U : G ^ UyL(M) a multiplier representation 
with the 2-cocycle a (associated to a) which satisfy (iii) then (i) defines a positive 
{X, a, U)-covariant kernel. 

Proof. Let K G Ker^(X). The existence of the Hilbert ^-module M and the map 
R with the properties (i) and (ii), and the existence of a unitary W G Linyi(M, M') 
with WR{x) = R'{x), X E X, are proved in [36l Proposition 3.1, Theorem 3.3]. 
Hence, it is left to construct the representation U satisfying the conditions of the 
proposition. 

Suppose that a pair (M, i?), satisfying items (i) and (ii), is chosen. Assume 
that ?7 G M belongs to the dense subspace of item (ii), i.e., there are n G N, 
Xi,..., Xn E X, Vi,..., Vn E Y such that g = J2j=i R(xj)vj. Dehne 

n 

= Y1 R(9Xj)U{g)vja{g, xj)"\ gEG. 
i=i 

Using the covariance condition ([3]), we get 

n 

{h^W) = '^{R{.9Xj)U{g)vja{g,Xj)~^\R{gXk)U{g)vka{g,Xk)~^) 

j,k=l 
n 

= ^ ^3)~^]*Rgxi,gxk {U{9)vj, U{g)vk)a{g, Xk)~^ 

j,k=l 

n 

= ^ Xj)~^]*a{g, Xj)*K,,.^,,^{vj, Vk)a{g, Xk)a{g, Xk)~^ 

j,k=l 
n 

= 5 ^ {R{xj)vj\R{xk)vk) = {g\g) 

j,k=l 

showing that, for any gEG, one may dehne a linear map [/(gf) : M —)■ M via 

U{g)R{x)v := R{gx)U{g)va{g,x)~^, x E X, v eY, 

which is clearly well-dehned, A-linear and bounded, and which preserves the inner 
products by polarization. Especially, f/(e) = Jm and one gets 

U{gh)R{x)v = R{ghx)U{gh)va{gh, x)~^ 

= R[g{hx))U{g)U{h)va{g, hx)~^a{h,x)~^a{g, h)~^ 

= U{g)R{hx)U{h)va{h,x)~^a{g,h)~^ 

= U{g)U{h)R{x)va{g,h)* 

for all a; G X, n G V, and g, h E G, so that tj{gh) = a{g, h)*.U{g)U(h) or 
U{g)U{h) = a{g, h).U{gh) by property (ii). For all m, m' eMl one gets 

{U{g)m\m') = {U {g~^)U {g)m\U {g~^)m') 

= {ma{g-^, g)\U{g-^)m') = (m|U(c/"^)m'a(c/"\ ^)*) 
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SO that U{g)* = a{g ^,g)*.U{g = U{g) ^ and U : G ^ 'Uyi(M) is a multiplier 

representation. Obviously, (iii) holds. 

Assume that (M', R', U') satisfy conditions (i)-(iii). If hh : M —)■ M' is such that 
WR{x) = R'{x) for all a; G X then 

WU{g)R{x) = a{g,x)-\WR{gx)U{g) = a{g,x)-\R!{gx)U{g) 

= U'{g)R!{x) = iJ'{g)WR{x) 

for all X G X and g E G, and hence (ii) implies WU{g) = U'{g)W. The rest of the 
proof is straightforward. □ 

Definition 3. For any K G Ker^(X), we say that a triple (M, i?, [/) satisfying 
conditions (i)-(iii) of the preceding theorem is called a minimal (X, a, U)-covariant 
(Kolmogorov) decomposition for K. A minimal (X, a, t/)-covariant decomposition 
for K is unique up to a unitary transformation intertwining the unitary represen¬ 
tations. If M is self-dual we say that K is regular. Although we concentrate here 
on covariant kernels, the results presented in the sequel also apply to the case of 
positive kernels with no particular covariance properties. Namely, if one chooses 
the group G to be trivial, G = {e}, then the kernels K G Ker^ are ‘non-covariant’ 
and, in this case, we say that a pair (M, R) satisfying the conditions (i) and (ii) is 
a minimal (Kolmogorov) decomposition for K. 

Remark 5. We could extend our dehnition of a and assume that its range could 
also contain 0 so that, for any g & G and x G X, a{g, x) is either invertible element 
of the center or 0. Similarly, we may drop out the condition a{e,x) = 1^. Now if 
a{h,x) = 0 for some h G G and x G X then ([2]) implies that a{g,x) = 0 for all 
g E G and Kg^^gy = Kgy^g^ = 0 for all G G and ?/ G X by ([2D; let us denote the 
set of these x G X as ©q. Then, by redehning a'{g, hx) := a{g, h)* for all g, h E G 
and X E Qa and a'{g,x) := a{g,x) otherwise, one sees that (|2D and (|HD hold when 
a is replaced by a'. Moreover, recalling that a{g, e) = 1^, one obtains using (|2D 
that a{g,x) = a{ge,x) = a{e,x)a{g,x) for all g E G and x G X. From this one 
sees that (by the dehnition of ©q) a{e,x) = 0 when x G ©q, and otherwise (since 
now a{g,x) is invertible) one hnds that a(e, x) = 1^. Thus, for the redehned map 
a', a'(e,x) for all X G X. Finally, we note that if K^^x = 0 (i.e. R{x) = 0) 

for some x E G then Kgx^y = Ky gx = 0 for all g E G and y E X so that one can 
restrict K to the set Xq x Xq where Xq = {x G X | X(x, x) 7 ^ 0}. Hence, in many 
applications one can assume that Kx^x 7 ^ 0 (i.e. R{x) 7 ^ 0) for all x G X. 

Remark 6. In the case when the representation U is trivial, U = I, i.e. U{g) = Jy 
for all g E G, we say that K E Ker^(X) is (projectively) invariant. Hence, Theorem 
[T]is a generalization of Theorem 2.7 of [2D] (where A = C = V). 

Remark 7. In many physically relevant situations, one considers a multiplier rep¬ 
resentation U : G ^ GLyi(V), i.e. 17(e) = Jy and U{g)U{h)v = U{gh)vz{g,h) 
for all g, h E G and v E Y where 2 ; : G x G ^ Ua fl is a 2-cocycle on G. 
Now a positive (X, a, f/)-covariant kernel K can be dehned in exactly the same 
way as in Dehnition [2] and one obtains Proposition [T] (i.e. the triple (M, R, 17)) 
with the exception that 17 : G —)■ 1 X 4 (M) is a ex'-multiplier representation with 
the 2-cocycle a'{g,h) = a{g, h)z{g, h) (where a is associated to a). In this case, 
one can consider a central extension group G^ := G x {XLa © 2.^) where the group 
product is {g,t){h,u) := (^gh, z{g,h)tu), g, h E G, t, u E Ua © Za-, and equip X 
with a G^-action {gR) ■ x := gx for all {g,t) E G^ and x G X. Moreover, we 
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may set up x X ^ Invyi Pi %j\ through a^(^{g,t),x) := a{g,x) and de- 

hne cr^ : x ^ Ua H %a via a^(^{g,t), {h,u)) := a{g,h). Now is the 

2-cocycle associated to a^, : G^ ^ GLyi(V), U^{g,t)v := U{g)vt is a represen¬ 

tation of G^ on V and K can be viewed as a positive (X, a^, f/^)-covariant kernel. 
Let {M.,R,U^) be a minimal (X, f/^)-covariant Kolmogorov decomposition for 
K (recall that the minimal M and R for K are unique up to a unitary equiva¬ 
lence as stated in Theorem [T]). Especially, : G^ ^ 'Uyi(M) is a a^-multiplier 
representation, K^^yiv^w) = {R{x)v\R{ii)w) for all x, y E X and v, w E Y, and 
R{x)U{g)v = U^{g,l^)R{g~^x)va{g, g~^x) for all a: G X, G G, and n G V. Fi¬ 
nally, we note that U^{g,t) = t.U{g) for all {g,t) E G^. 

Suppose now that /I is a lK*-algebra and K E Ker^(X) with a minimal (a, U)- 
covariant decomposition {M.,R,U). According to Remark [3l we may view M* as a 
self-dual Hilbert A-module where M is a ti- (or T2-) dense subset. Thus, the C-linear 
combinations of vectors of the form R{x)v, x E X, v eY, form a ri-dense subspace 
of M*. Moreover, U extends to a unique unitary multiplier representation of G on 
M* which we also denote by U. We now have the following corollary of Theorem [T] 

Corollary 1. Suppose that A is a W*-algebra and K E Ker^(X). There is a self¬ 
dual Hilbert A-module (L, (• | •)) equipped with the topology Ti (resp. T2) introduced 
in Remark 0 a mapping i? : X —)■ Linyt(V;L) and a a-multiplier representation 
U G ^ Ryi(IL) such that 

(i) Kx,y{v,w) = {R{x)v\R{y)w) for all x, y E X and v, w eY, 

(ii) linc{R(a;)n | t G X, n G V} is ti- (resp. T2 -) dense in L and 
(hi) R{x)U{g) = a{g, g~^x).U{g)R{g~^x) for all x E X and g E G. 

If (h', R',U') is another triple satisfying the conditions (i)-(iii) above, then there 
is a unitary man W E Linyi(L, L') such that WR(x) = R'ix) for all x E X and 
WU{g) = U'{g)W for all gEG. 

Definition 4. When A is a lK*-algebra and K E Ker^(X) we call a triple (L, R, U) 
satisfying the conditions (i)-(iii) of Corollary [T] as a W*-minimal (X, a, U)-covariant 
(Kolmogorov) decomposition for K. The pair (L, i?) is simply called a W*-minimal 
(Kolmogorov) decomposition ior K. 

3.1. Extreme points. Let G be a group, X 7 ^ 0 a G-space with the G-action 
{g, x) I—)■ gx, Y a module over a G*-algebra A, and U ■. G ^ GLyi(V) a representation 
of G on Y. We also hx the maps a and a as in the preceding section. Also assume 
that Z C X X X is nonempty and let L E Ker^(X). Denote the set of those 
K E Ker^(X) such that Kx,y = Lx,y for all {x,y) E Z hy Ker^(Z, L). Clearly the 
set Ker^(Z, L) is convex. 

Theorem 2. Suppose that K E Ker^(Z, L) and (M,R,U) is a minimal (X, a,t/)- 
covariant decomposition for K. If K is an extreme point of the set Ker^(Z, L) then 
for all self-adjoint D E Tyi(M), the conditions [D, U{g)] = 0 for all g E G and 

(4) {R{x)v\DR{y)v) = 0, {x,y) E Z, v eY 

imply D = 0. If K is regular then also the converse holds. 

Suppose that A is a W*-algebra, and let (L, R, f/) be a W*-minimal {X,a,U)- 
covariant decomposition for K. The kernel K is extreme in the set Ker^(Z, L) if 
and only if for all selfadjoint D E Tyi(L) the conditions [D, U{g)] = 0 for all g E G 
and (0) yield D = 0. 
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Proof. Let K G Ker^(Z, L) with a minimal covariant Kolmogorov decomposition 
(M,R,U). We note that the condition (jl]) equals {R{x)v\DR(y)w) = 0 for all 
{x, y) E Z and v, w eY hj polarization. 

Assume that D G £yi(M) is self-adjoint and non-zero and satisfies the conditions 
of the claim. Replacing D by we may assume that —Im < -D < Jm. Define 

positive kernels via 

K^y{v,w) = {R{x)v\D^R{y)w), x, y E X, v,weY, 
where = Jm ± D. For any {x, y) G Z, by using (jl]), one gets 

K'^yfv.w) = {R{x)v\R{y)w) ± {R{x)v\DR{y)w) = {R{x)v\R{y)w) 

= K^^y{v,w) = L^^y{v,w) 

for all V, w eY. Let g E G, x, y E X and v, w eY. Since U{g)*D^U{g) = D^, we 
may write 

= {R{9x)v\D^R{gy)w) 

= {R{x)U{g~^)va{g,x)\U{g)*D^U{g)R{y)U{g-^)wa{g,y)) 

= a{g, xr{R{x)U{g-^)v\D^R{y)U{g-^)w)a{g, y) 

= (^{g,xyK^^y{U{g~^)v,U{g~^)w)a{g,y). 

Hence, E Ker^(Z, L) and, obviously, K = + \K~. Since D y Q the mini¬ 

mality of the decomposition (M, R, U) yields y K~ so that K is not extreme. 

Suppose that K is regular and K = \K^ + \K~ with E Ker^(Z, L) and 
K~^ y K~. Now < 2K and, according to Lemma 1 of [35], there are positive 
operators E /Cyi(M) such that Kyy{v,w) = {R{x)v\D^R{y)w) for all x, y E X 
and V, w E Y. Define a self-adjoint D = D+ — D~ y 0 since y K~. For 
all {x^y) E Z and v E Y one gets {R{x)v\DR{y)v) = — Kfy{v,v) = 

Lx,yip, v) — Lx,y{v, v) = 0. Suppose that g = Yl'j=i contained in the dense 

subspace of (ii) of Proposition [T] and g E G. Now 

{g\UigrD^Uig)g) 

n 

= Y,{Uig)RixyvfD^Uig)Rixu)vk) 

j,k=l 

n 

= X] {RigXj)Uig)vjaig,Xj)~^\D^RigXk)Uig)vkaig,Xk)~y 

j,k=l 

n 

= ipig)^P Uig)vk)aig, Xk)~^ 

j,k=l 

n 

j,k=l 

Due to the density, it follows that = Uig)*D^Uig) and [Dpig)] = 0 for all 
g E G. 

The last claim concerning a hF*-minimal dilation (L, R, U) when A is a hF*-algebra 
is proven in exactly the same way as above. Note that now we have automatically 
a necessary and sufficient condition for extremality because L is self-dual. □ 
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Remark 8. Note that when the set Z <Z X x X is symmetric, i.e. when (x, y) & Z 
then also {y, x) G Z, the extremality condition of the above theorem can be made 
stronger: Let K G Ker^(Z, L) with {M,R,U). If K is extreme in Ker^(Z, L) 
then, for any D G /Cyi(M), the conditions [D,U{g)] = 0 for all g E G and ^ 
yield D = 0. Indeed, assnme that D G /Cyi(M) satishes these conditions. Using the 
symmetry of Z, it is immediately seen that also D* satishes these conditions and 
hence also the self-adjoint operators A = ^{D + D*) and A' = — D). If ii' is 

extreme then, according to the preceding theorem, it follows that A = t] = A' and 
D = A + iA' = 0. We may similarly simplify the extremality condition when Z is 
symmetric, .A is a lU*-algebra and K G Ker^(Z, L) is equipped with its lU*-minimal 
covariant Kolmogorov decomposition. 

Remark 9. Note that, in the context of Theorem [21 the regular K is an extreme 
point of the larger convex set consisting of all positive kernels K' such that K'j, y = 
Lx,y, {x,y) G Z, if and only if for all self-adjoint D G /Cyi(M), the condition 

(5) {R{x)v\DR{y)v) = 0, {x,y) E Z, v eY 

implies D = 0. This follows from Theorem 2 of [35] which is actually a special case 
of Theorem [2] above (put G = {e}). The same result applies to the lU*-case. 

4. Completely positive maps 

Denote the group of *-automorphisms of a C*-algebra S by Aut(S). In the case 
of a unital !B, an automorphism /3 E Aut(S) is called inner if there is a unitary 
u E "B such that (dip) = ubu*. Denote the subgroup of inner automorphisms on B 
by Inn(!B). Suppose that G is a group. We call group homomorphisms G 3 g *-E- 
fdg E Aut(B) as G-actions on B and homomorphisms G 3 g (3g E Inn(!B) as inner 
G-actions on B. 

Remark 10. Suppose that ft is an inner G-action in a unital G*-algebra B, i.e., 
ftg{b) = UgbUg for all 6 G 23 and g E G where Ug E II®. Without restricting 
generality, we may (and will) assume that Ue = 1®. Since, for all g, h E G and 
b eB, Ughbu*gj^ = ldgh{b) = ldg{(dh{b)) = UgUbbufu* equals [u*gj,UgUh,b] = 0 it follows 
that Ugh = m{g, h)ugUh where m{g, h) G 23 is unitary and belongs to the center of 
B. Moreover, m : G x G ^ U® fl Z® is a 2-cocycle and g ^3 Ug is a. m*-multipher 
representation with the 2-cocycle m* (dehned by m*{g, h) := m{g, h)*). For example, 
if B is the hF*-algebra L{%) of bounded operators on a Hilbert space % then the 
center is CIx and one can consider m as a T-valued cocycle so that g Ug is a 
projective unitary representation of G on X. Recall that any automorphism of L{%) 
is inner, Aut(£(X)) = Inn(C(X)) ^2] and thus any G-action on C(X), regardless 
of the group G, is inner. 

In what follows, A is a G*-algebra, V is an A-module, R is a unital G*-algebra, 
G is a group, f/ : G —)■ GLyi(V) is a representation and g *-3 ftg is a G-action on 23. 

Definition 5. We say that a map S': R —)■ S'yi(V) is completely positive (CP) if it is 
linear and the map = [23 x 23 3 (6, c) e->• G S'yi(V)], K^Pv,w) := Sb*c{'v,w) 

for all b, c E B and v, w eY, is a positive kernel (see [311 Section 4]). Moreover, S 
is {ft, U)-covariant if 


Sygib){v,w) = Sb{U{g ^)v,U{g pw) 
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for all 5 ^ G G, 6 G ® and v, w E Y (implying that the kernel is also covariant 
with respect the G-action on the G-space 'B and the representation U). We denote 
the set of (/3, t/)-covariant CP maps by CP^. 

Note that, according to the dehnition above, a linear map S' : ® —?• Sj{(y) is CP 
if and only if for any n E N, bi,..., bn E B, and Vi,..., Vn E Y one has 

n 

Sb*hk{vj,Vk) > 0 . 

This dehnition is analogous with the classical dehnition of complete positivity for 
a linear map <h : S —)■ £(1K) between G*-algebra B and the algebra of bounded 
operators on a Hilbert space TC: for any n G N, 6i, G 23, and ..., G hf 

we require that 

n 

'^{iPj\^{b*bk)^k) > 0, 

j,k=l 

or, equivalently, that the amplihcations •—t between matrix 

G*-algebras are positive. 

In physics, we are typically interested in a special class of CP maps, normal CP 
maps. Recall that a linear map f : B ^ A, where B and A are W*-algebras, is said 
to be normal when it is continuous with respect to the a-weak topologies of A and 
B or, equivalently, whenever {saIag^ C 23 is a bounded increasing net of self-adjoint 
elements, then sup^^g^ /(sa) = f(sup^^^ sa). 

Definition 6. In the case of IH*-aIgebras A and B, we say that a map S' G CP^ 
is normal if, for all v eY, the map B 3 b ^ Sb{v, n) G is normal. We denote the 
set of normal elements of CP^ by NCP^. 

Theorem 3. Let S E CP^. (a) There is a Hilbert A-module (M, (• | •)), a unital 
*-homomorphism tt : 23 —)• a representation U : G ^ 'Uyi(M) and J E 

LinAi(V; M) such that 

(i) Sb{v,w) = {Jv\7i{b)Jw) for all b E B and v, w eY, 

(ii) linc{vr(6) Ju \ b eB, v eY} is dense in M, 

(hi) JU{g) = U{g)J for all g E G and 

(iv) U{g)'K{b) = [tt o l3g\{b)lJ{g) for all g E G and b eB. 

If {M',7i', J',U') is another quadruple satisfying the conditions (i)-(iv), then there 
is a unitary W G Linyi(M; M') such that WJ = J', W7T{b) = 7r'{b)W for all b eB, 
and WU{g) = U'{g)W for all gEG. 

(b) Suppose that A is a W*-algebra. There is a self-dual Hilbert A-module (L, (• | •)) 
equipped with the topology ti (resp. T 2 ) introduced in Remark\3[ a unital *-homomorphism 
TT : R —)■ £yi(L), a unitary representation U : G ^ 'Ryi(Ih) and J E Linyi(V;L) such 
that (i), (Hi), and (iv) of (a) hold but (ii) is replaced by 

(ii) linc{vr(6) Jn \ b eB, v eY} is Ti- (resp. T 2 -) dense in L. 

If (L', tt', J', U') is another quadruple satisfying the conditions (i)-(iv), then there is 
a unitary W E Linyi(L;L') such that WJ = J', Wntb) = 7i'(b)W for all b E B, and 
WU{g) = U'{g)W for all gEG. 

(c) Assume that A and B are W*-algebras, and (L, tt, J, G) satisfies (i)-(iv) of 
(b). Then S E NCP^ if and only if tt is normal. 
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(d) Let (M, (• I ■)) 6e a Hilbert A-module, vr : ® —)■ ^^(M) a unital *-homomorphism, 
U : G ^ IXyi(M) a representation, and J G Linyi,(V;M) such that (Hi) and (iv) holds. 
Then S defined by (i) belongs to CP^. 

Proof. Let S G CP^. (a) The existence of a triplet (M, vr, J) with the properties 
(i) and (ii) has been shown in [3^ Lemma 4.2, Theorem 4.3]. Indeed, if {M.,R,U) 
is a minimal {fi, f/)-covariant decomposition for the positive kernel dehned in 
Dehnition [Si one can choose J = and the ^-homomorphism tt can be dehned 

via 7i{b)R{c) = Rific) for all 6, c G 23; see the proof of Theorem 4.3 of [36]. Since 
R{b)U{g) = U{g)[Ro for all 6 G 23 and g ^ G, item (hi) follows readily: 

JU{g) = R{U)U{g) = U{g)[Ro = U{g)R{l^) = U{g)J, g e G. 

In addition, for all G G, 6, c G 23 and n G V, 

U{g)7r{b)7r{c)Jv = U{g)R{bc)v = [Ro f3g]{bc)U{g)v 
= ° l3g]ib)[R o l3g]{c)U{g)v 

= °/3g]{b)U{g)R{c)v = [tto /3g]{b)U{g)7r{c)Jv 

so that (iv) follows from (ii). 

Let (M', tt', J', U') be another quadruple satisfying the conditions (i)-(iv) and 
denote R'{b) := 7r'{b)J' for all 6 G 23. By Theorem [T], there is a unitary W G 
Linyi(M;M') such that WR{b) = R'{b), b e ‘B, and WU{g) = U'{g)W, g e G. 
Especially, W J = J' and, for all b, c E B and n G V, 

W7r{b)7r{c)Jv = WR{bc)v = R'{bc)v = 7r'{b)n'{c)J'v = 7r'{b)W7r{c)Jv 

showing that W7i{b) = 7r'{b)W for all 6 G 23. 

(b) Assume that A is a lT*-algebra and denote the self-dual Hilbert A-module M* 
by L so that tt and U obtained above extend uniquely to a unital *-homomorphism 
B —)■ LjifV) and, respectively, to a representation G —)■ IXyi(L) which we continue to 
denote by vr and, respectively, by U. The properties (i)-(iv) are immediately seen 
to hold as well as the uniqueness claim. 

(c) Suppose that also 23 is a iy*-algebra and the quadruple (L, 7r,t/, J) satishes 

the conditions (i)-(iv) of (b). Let {sa}ag£ be a bounded increasing net of self- 
adjoint elements of 23 and let sup sa G 23 be its least upper bound so that s\ 
supsA in the cr-weak topology. Since {7r(sA)}Ae£ is increasing and bounded by 
7r(supsA), it has the least upper bound sup7r(sA) G 'Lai(L) and vr(sA) —t sup7r(sA) 
(cr-weakly). Let £ G L and ip G A*. Then —)■ (p((£| sup7r(sA)f')) 

since Tyi(L) 3 B ^ G C is a positive cr-weakly continuous functional. 

Hence, -3 (£1 sup 7r(sA)-^) in the cr-weak topology of A. Especially, if 

TT : 23 —)■ Lji{L) is normal (i.e. cr-weakly continuous) then sup7r(sA) = 7r(supsA) 
and 23 3 6 HA Sh{v,v) = {Jv\7i{b)Jv) G A is normal for all n G V. Suppose 
then that S is normal. By polarization, {i\7i{s\)i) = k=i{Jvj\7i{b*sxbk)Jvk) -3- 

k=i('^'^j\'^(b) sup sxbk)Jvk) = (£|7r(sup sa)^') in the cr-weak topology of A for all 
£ = YTj=i^{bj)Jvj so that {£\ sup7r(sA)^) = (f'|7r(sup sa)-^) for all I contained in the 
ri/r 2 -dense subset linc{7r(6)Jn | 6 G 23, t G V} of L. Thus, sup7r(sA) = 7r(supsA) 
and TT is normal. 

Finally, item (d) can be verihed by direct calculation. □ 

Remark 11. One could try to generalize the preceding notion of covariant CP maps 
by using a map a ■. GxB ^ InvyinZyi such that a(gh, b) = a{g, h)a{h, b)a{g, fihibf) 
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where a : G x G ^ Ua H is a 2-cocycle. In this framework, one can say that 
a linear map 'B 3 b Sb E S^iy) is a (a,/3, [/)-covariant CP map if is a 
(!B, a, t/)-covariant positive kernel. By writing b*c = 1® ■ b*c one sees that ([3j) can 
be written as 

b)*a{9, c)Sb*c{U{.9~^)v, U{9~^)w) = Sp^ib^c) (v, w) 

= oi{9, yyoi{9, b*c)Sb*c{U{9~yv, U 

for all g E G, b, c & B, and v, w eY. Moreover, S and S o (3g are (positive) linear 
maps in equation = a{g^l'sY(y.{g^c)Sc{U{g~yv,U{g~yv) so that it is 

reasonable to assume that a does not depend on its second argument, i.e. a can be 
viewed as a map from G to Invyi fl Za such that a{gh) = a{g, h)a{g)a{h). But then 

= Si(U{g^')va{g),U(A')ma{g)) 

= S„(u'(g-')g,u'(g-')g’) 

where U'{g) := a{g~y .U{g) is a multiplier representation of G. If we assume that U 
is a multiplier representation in De£nition[5]then the only modihcation in Theorem 
[3] is that U becomes a unitary multiplier representation (with the 2-cocyle of U) and 
can be extended to a unitary representation of the central extension group of G, see 
Remark [71 

In the context of Theorem El (either in the general (a)-case or in the hP*-case (b)), 
assume that the exists a g E G such that jSg is inner, that is, there is a unitary 
Ug E B such that (3g{b) = Ugbu*g. Dehne a unitary map 

(6) t7(^) = 7r(w;)[7(^)GlX^(M). 

Now U{g)J = 7r(^Ug)U{g)J = JU{g) and, for all b E B, 

U{g)Tr{b) = Tr{u*g)U{g)TT{b) = TT{u*g)[TTol3g]{b)U{g) 

= 7r{u*gUgbu*g)U{g) = 7r{b)U{g). 

Suppose that (3 is an inner G-action, i.e., (3g{b) = Ugbu*g, and let m : GxG -3 U'snZ's 
be the 2-cocycle associated with g ^3 Ug (see. Remark [TII]) . Dehne a map 

M -.G xG ^ Ryi(M) n [g, h) H- M{g, h) = [vr o m]{g, h) 

where .^ 7 r(B) is the center of the range 7 r(!B) C £yi(M) of vr; especially M commutes 
with U. Clearly, M is a 2-cocycle. Using results derived above, one hnds that 

U{gh) = n{ul,^)U{gh) =Tr{m{g,h)*ulu*g)U{g)U{h) 

= M{g,hy7r{ul)7r{u*g)U{g)U{h) = M{g,hy7r{ul)U{g)U{h) 

= M{g, hyU{g)yul)U{h) = M{g, hyU{g)U{h) 

or U{g)U{h) = M{g,h)U{gh) for all g, h E G. Hence, U is an M-multiplier repre¬ 
sentation. Immediately we get the following corollary: 

Corollary 2. Assume that S E CP^ where g \-3 (3g is inner, i.e., there is a map 
G 3 g i-3 Ug E R®, such that (3g{b) = Ugbu*g and Ugh = m{g,h)UgUh where m : 
G X G —)■ U® n Z® is a 2-cocycle. There exists a triple (M, tt, J) of Theorem\^a) 
satisfying the conditions (i) and (ii) of Theorem\^a) and, additionally, there is an 
M-multiplier representation U : G ^ Ryi(M) with the 2-cocycle M : G x G ^ 
'Uyi(M), {g, h) i-3 M{g, h) = [tt o m](g, h), such that 

(hi)’ Tr{u*g)JU{g) = U{g)J for all g E G, 
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(iv)’ U{g)7i{b) = 7i{b)U{g) for all g G G and b 

If J',U') is another quadruple satisfying the conditions (i), (ii), (Hi)’ and 

(iv)’ then there is a unitary W G Linyi(M; M') such that WJ = J', WTi(b) = TT'{b)W 
for all beB, and WU{g) = U\g)W for all geG. 

If A is a W*-algebra and (L, tt, J) is associated to S by Theorem\^h), then the 
similar result as above holds when one replaces M L. 

Definition 7. Suppose that S G CP^. We call a quadruple (M, vr, J, U) satisfying 
conditions (i)-(iv) of Theorem [3] as a minimal {(I, U)-covariant dilation or KSGNS 
(Kasparov, Stinespring, Gel’fand, Naimark, Segal) construction ioi S. In the case of 
an inner action in Corollary [2l (M, tt, J, U) is also called minimal covariant dilation. 
In both cases, the triple (M, tt, J) is simply called a minimal dilation or KSGNS 
construction. These minimal dilations are unique up to unitary equivalence. We say 
that a CP map S G CP^ with a minimal dilation (M, tt, J) is regular if M is self¬ 
dual. When yi is a W*-algebra and S G CP^, we call the quadruples (L, tt, U/U, J) 
of Theorem [3] and Corollary [2] as W*-minimal {(3, U)-covariant dilations or KSGNS 
constructions ioT S. Again, the triple (L, tt, J) is simply called a W*-minimal dilation 
or KSGNS construction. 

Remark 12. In the context of Corollary [2], one can assume that the 2-cocycle m 
is trivial, m{g,h) = I 3 , by replacing G with the central extension group : = 
G X (UsflZ®) where the group product is {g,t){h,u) := [gh,m{g, h)*tu), g, h E G, 
t, u E IX® n (compare to Remark [7j). Then the m*-multiplier representation 
g Ug is replaced by the representation {g,t) ha Ugt and U (resp. (3) is extended 
to the representation {g,t) h-)- U'{g,t) = U{g) (resp. inner action {g,t) h-)- (3'{g,f) = 
Ugbu*g = /3{g)). Now 

If 17 is a multiplier representation as well, then we may further extend the group 
G™* as in Remark [7] so that one can restrict to ordinary representations g ce- Ug and 

U. 

4.1. Extreme points. Let G be a group, B a unital G*-algebra with the G-action 
g i-E- (3g, Y a. module over a G*-algebra A, and U : G ^ GLyi(V) a representation 
of G on V. Fix a positive sesquilinear form si G Sji(Y) and denote the set of those 
S E CP^ such that = si by CP^(si). In the context of hF*-algebras, we 
denote the set of normal elements of CP^(si) by NCP^(si). (We always assume 
that CP^(si) and NCP^(si) are nonempty.) Clearly the above sets are convex. 
Since for all S E CP^(si), g E G, and v, w E Y one has Si(U{g)v,U{g)w) = 
Si^{U{g)v,U{g)w) = Sy^_ _i(ij,)(n,tc) = Si.^{v,w) = si{v,w), the sesquilinear form 
Si has to be invariant in the sense that 

Si{U{g)v,U{g)w) = si{v,w) 

for all 5 ^ G G and v, w E Y. The following theorem generalizes the classical ex- 
tremality result [U Theorem 1.4.6]. 

Theorem 4. Let S E CP^(si) with a minimal {(3, U)-covariant dilation (M, tt, J, U). 
If S is an extreme point of CP^(si) then, for any D E XLyi(M), the conditions 
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[D, vr(6)] = 0 for all b & ‘B, [D, U{g)] = 0 for all g & G, and 
(7) {Jv\DJv) = 0, veW 

imply 77 = 0. If S is regular then also the converse holds. 

Suppose that A is a W*-algebra and (L, vr, J, U) is a W*-minimal {/3, U)-covariant 
dilation of S. The map S is extreme in CP^(si) if and only if for any D G /Cyi(L) 
the conditions [D,7r{b)] = 0 for all 6 G 75, [D,U{g)] = 0 for all g & G and ^ 
yield D = 0. If also B is a W*-algebra and S G NCP^(si) then S is extreme in 
NCP^(si) if and only if S is extreme in CP^(si). 

Proof. The proof largely parallels that given for Theorem |2l and thus we only give 
here a brief outline of the proof. The existence of a non-zero operator D with the 
properties of the claim can easily be used to show the existence of a non-trivial 
convex decomposition. Suppose now that S is regular and not extreme in CP^(si), 
i.e., G CP^(si) for which ^ S~ and S = -|- ^5“. When we view S and 

as positive kernels and S is regular, we may apply Lemma 1 of [35] and obtain 
operators G Tyi(M) such that 77+ ^ 77” and 

S^^{v,w) = {Jv\7i{b)*D^Tr{c)Jw), 6, c G 75, n, tc G V. 

Using the fact that one hnds {Ti{b)Jv\[D^,Ti{c)]Tr{d)Jw) = 0 for all 

V, w eY and 6, c, <7 G 75. Applying the minimality of the dilation (M, vr, J, 77), we 
obtain [77+, 7r{b)] = 0 for all 6 G 75. It follows directly from the proof of Theorem [2] 
that [77+, U{g)] = 0 for all g E G. For D := 77+ — 77” ^ 0 one gets [77,7r(6)] = 0, 
b E B, [77, U{g)] = 0, g E G, and (Jn|77Jn) = 0 for all v eY. 

As in the proof of Theorem [21 the last claims concerning the IU*-case follow easily. 
To see this, note that for all S E NCP^, S' E CP^, and A > 0 such that AS" < S 
one has S' E NCP^. □ 

Remark 13. In the context of the preceding theorem (either in the general or lU*- 
case), assume that S is extreme. Immediately we see that, for any E E £yi(M) such 
that [77,7r(6)] = 0, 7 G 75, and [77, U{g)] = 0, G G, 

{EJv\EJv) = {Jv\E*EJv) =0, veY 
implies 77 = 0. But {EJv\EJv) = 0 if and only if 

\\EJv\\ = ^\\{EJv\EJv)\U = 0 

if and only EJv = 0. Hence, EJv = 0, v E Y, imply 77 = 0 and one sees that 
the intersection of the center of 7r(75), the center of U{G) and the annihilator of the 
range of J is trivial. 

Remark 14. Suppose that the action jS is inner and let S E CP^(si) be regular 
with (M, vr, 77, J) of Corollary [H Immediately one gets the following variant of 
Theorem m The map S is extreme in CP^(si) if and only if, for any 77 G Tyi(M), 
the conditions [77,7r(6)] = 0, 6 G 75, [D,U{g)] = 0, g E G, and {Jv\DJv) = 0 for 
all V E Y imply 77 = 0. The variant related to a IU*-minimal dilation is obvious. 
Setting G = {e} one sees that a regular CP map S' : B —)■ S'yi(V) with a minimal 
dilation (M, tt, J) is extreme in the set of CP maps T : 75 —)■ SjifY) such that 
Ti.^{v,w) = si{v,w) for all v, w eY with a hxed si G Sji(Y) if and only if for any 
77 G Tyi(M) the conditions [77,7r(6)] = 0 for all 7 G 75 and (Jn|77Jn) = 0 for all 
V eY imply 77 = 0. The variant of this result in the IU*-case is obvious. 
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5. Marginal maps and subminimal dilations 

In this section, yi is a C'*-algebra and V is an yi-modnle. Let B and C be W*- 
algebras so that we may dehne their cx-weak tensor prodnct ® 0 C which is a W*- 
algebra as well. We also £x a gronp G and G-actions G 3 g (3g & Aut(®) and 
G 3 g 'jg ^ Ant(C); these actions may well be trivial. The tensor prodnct 
B (8) C is equipped with the G-action g i—)■ 6g := fig ® ^g- We also assume that 
U : G ^ GLyi(V) is a representation. Fix a positive A-sesquilinear form si e Sjiiy) 
such that Si{U{g)v,U{g)w) = Si{v,w) for all G G and n, w G V. 

Definition 8. Suppose that S G CP^(si). Define the marginals G CP^(si) and 
S‘^ G CP^(si) of S through 6 G B, and c G C. 

It is clear that the marginals and of S' G CPy(si) are covariant CP maps. 
Thus, and have their own covariant minimal dilations according to Theorem 

El 

For any Hilbert A-module (M, (• | •)) and a G*-algebra B, we say that a linear 
map F : B —)■ /Cyi(M) is completely positive if the corresponding sesquilinear-form- 
valued map B 3 d ha S'J G S'yi(M), where S^{v,w) := {v\F{d)w), n, tc G M, is 
completely positive. 

Proposition 1. Let S G CP^(si) and denote its marginals by and 3“^. Suppose 
that is regular and K,U) is a minimal {(3, U)-covariant dilation of S^. 

There is a unigue (unital) CP map F : C —)■ /Cyi(M) such that U{g)E{c) = [F o 
'yg]{c)U{g), 7r{b)E{c) = F(c)7r(6) and Sb(sc{v,w) = {Kv\7r{b)E{c)Kw) for all g ^ G, 
6 G B, c G C and v, w eY. Assume that A is a W*-algebra and (L, vr, F, f/) is a 
W*-minimal {l3,U)-covariant dilation of S^. Again, there is a unigue (unital) CP 
map E : Q ^ Fyi(L) such that U{g)E{c) = [F o 'yg]{c)U{g), Ti{h)E{c) = E{c)7i{b) 
and Sbisiciv, w) = {Kv\7i{b)E{c)Kw) for all g E G, b E tB, c E G and v, w E Y. 
Moreover, the second marginal 3“^ is normal if and only if E is normal. 


Proof. Pick a positive c G 6 and define a CP map by 3^ := Sb(^c for all b E 
B. It follows that Hells'^ — 3^ = S'^^dicyig-c) for all 6 G B and thus < Hells'^ 
since ||c||le — c > 0. Hence, following the proof of Theorem 01 one see that there 
is a unique operator F(c) G /Cyi(M), commuting with tt, such that Sb(^c{v,w) = 
{Kv\n{b)E{c)Kw) for all 6 G B and v, w E Y. Since any c G C can be expressed 
in a unique way as a combination of its positive parts and (M, tt, K) is minimal, 
we obtain a unique linear map F : C —)■ Tyi(M) such that it commutes with vr and 
Sb(Sic{'v,w) = {Kv\7i{b)E{c)Kw) for all 6 G B, c G C and v, w eY. 

Let n G N, j G {1, 2,.... ,n}, and pj E linc{vr(6)Fn | 6 G B, v E V}, i.e., there 
are nj G M, bji G B and Vji eY, I = 1,..., Uj, such that pj = Y^=i Since 

3 is completely positive it follows that, for all Cj G C, j = 1,..., n. 


'^{pi\E{c*Cj)pj) 


n rii rij 

ij = l k=l l=l 
n rii rij 

ik®Ci)*{bji^Cj){Tik-,Vjl) > 0 

i,i=l k=l l=l 


and E is completely positive due to the minimality of (M, vr, K). 
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Finally, for all r] = J2k=i'^i^k)Kvk E \mc{Ti{b)Kv | 6 G S, v E V}, g E G and 
c G C, one finds 

{7,\lJ(gYE(c)U(g)7,) 

n 

= Y, {Kv,\T^{h*^U{gyE{c)U{g)7Y{hk)Kvk) 

j,k=l 

n 

= Y {^U{g)vj\[K o (3g\{h*)E{c)[Ti o (3g\{hk)KU{g)vk) 

j,k=l 

n 

= Y (^U{g)v, I [vr o yy {b*bk)E{c)KU{g)vk) 

j,k=l 

n 

j,k=l 

n 




j,k=l 

n 


Y ^b*bum,-i(c){vj,Vk) = {g\[E o 


i,k=l 


and, hence, U{g)*E{c)U{g) = [ii^o7g-i](c) or eqnivalently 

U{g)E{c) = [Eojy{c)U{g), gEG, c G C. 


When ^ is a hF*-algebra, the remaining claims can be proven in exactly the 
same way. To prove the last claim, note that for any positive b E "B also the 
map : G ^ SjiiY), ^Sc = Sh^c, is bonnded by ||fe||5'^ so that, if S'^ is normal, 
then is normal for any b E B. Again, for all £ = map 

c HA {£\E{c)£) = X;7fc=i(^^ik(&*)^(c)7r(6fc)iFnfc) = Eyfc=i is normal 

and, as in the proof of Theorem El it follows that E is normal. The converse claim 
follows immediately. 

Finally we note that, since E is uniqne, E{1q) = Im- D 


Remark 15. In the context of the preceding proposition, assnme that the ac¬ 
tion y is inner, i.e., there is a mnltiplier representation u : G ^ 'll® such that 
f3g{b) = Ugbu*g. Assume that the hrst (regular) marginal has the minimal 
covariant dilation (M, vr, iF, U) of Corollary [2l Now, there is a unique CP map 
E G ^ /Cyi(M) such that U{g)E{c) = [E o 'yg][c)U{g), 7r{b)E{c) = E{c)7r{b) and 
Sb(S)c{v,w) = {Jv\7T{b)E{c)Jw) for all (7 G G, 6 G T, c G C and v, w eY. This result 
has an obvious counterpart in the hF*-case. 

Definition 9. We call the collection (M, vr, E, K, U) of the preceding proposition (or 
(M, 71, E, K, U) in the case of an inner action) as an A-subminimal {(3, U)-covariant 
dilation of S. We can dehne the B-subminimal dilations in the same way if 5^ is 
regular. When A is a hF*-algebra, we call (L, vr, E, K, U) (or (L, tt, E, K, U) in the 
case of an inner action) as an A-subminimal {(3, U)-covariant W*-dilation of S. 

Note that, for a subminimal dilation (M, tt, E, K, U) of S, the mapping p : !B®C —)■ 
Tyi(M), b®c^ 7i{b)E{c) is not necessarily a *-representation. Hence, (M, p, K, U) 
typically fails to be a true KSGNS construction for S. 
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Let s G S'yi(V), S G CP^(si), and S' G CP^(si). If there exists a map T G 
CP^(si) such that S and S' coincide with the marginals of T, i.e., S = and 
S' = T^, we say that S and S' are compatible. Moreover, T is called a joint map 
of S and S'. Simple modihcations to the proofs presented in na show that if 
S G CP^(si) and S' G CP^(si) are compatible and either one of them is an 
extreme point then their joint map T is unique. Moreover, if both of the compatible 
maps are extreme points then also their unique joint map is extreme. 

Remark 16. Suppose that S G NCP^(si) and denote its marginals by S^ G 
NCP^(si) and 5^ G NCP^(si). Let (Mi, tti, iLi, ffi) be a 15-subminimal dila¬ 
tion for S where (Mi, tti, iLi, f/i) is a minimal (/?, f/)-covariant dilation of S^ and 
TTi and El are normal. Let (Hi, cxi, Ci, IPi) be a minimal ( 7 , t/i)-covariant dila¬ 
tion of Hi, i.e.. Hi is a Hilbert M-module, ai : C —)■ /Cyi(Hi) is a normal unital 
*-homomorphism, Ci : Mi —)■ Hi is an jd-linear isometry and Wi : G — )■ /Cyi(Hi) 
is a unitary representation such that Hi(c) = Clai{c)Ci for all c G 6 , the C-linear 
combinations of vectors cTi(c)C'im, c E G, m E Mi, form a dense subset of Hi, 
CiUi{g) = Wi{g)Ci for all G G and Wi{g)ai{c) = [ai o '^g\{c)Wi{g) for all G G 
and c E Q. Using familiar techniques, one sees that we may dehne a normal unital 
*-homomorphism pi : B —)■ £yi(Hi) through pi{b)ai{c)Cim = ai{c)Ci7ii{b)m for all 
b E tB, c E G and m G Mi. Clearly, pi and cxi commute and we may typically dehne 
the unique normal unital *-homomorphism Hi : 23 ® C —)■ /Cyi(Hi) such that Hi ( 6 ® 
c) = pi( 6 )(Ji(c) for all 6 G 23 and c G Cjl Since the set linc{ 7 ri( 6 )iLin | 6 G 23, n G V} 
is dense in Mi and hnc{o'i(c)Gim | c G C, m E Mi} is dense in Hi, it follows that, by 
dehning the yi-linear map Yi = GiiCi, the set linc{ni (6 (g) c)Yiv | 6 G 23, c G C, v E 
V} = linc{cri(c)Gi 7 ri( 6 )Hin | 6 G 23, c G C, n G V} is dense in Hi. Hence, we have 
obtained a minimal {6, U)-covariant dilation (Hi, Hi, Yi, lUi) for S arising from an in¬ 
termediate subminimal dilation. One easily sees that lUi( 5 f)ni(d) = [niO(5g]((i)lUi(^) 
for all G G and d G 23 (g) C. 

The procedure described above can be slightly varied if, e.g., the action (3 is inner 
so that we may use the representation f/i of Corollary |2] instead of Up, this is indeed 
what we will do later in the case of quantum instruments. Again, if also A is a 
lU*-algebra, the above reasoning works in the context of lU*-dilations. 

Suppose that we apply the above ‘dilation in stages’ method also to the G- 
subminimal dilation of S. Thus we obtain a Hilbert A-module H 2 , unital *-representations 
P 2 : IB —>■ £yi(H 2 ) and (T 2 : C — )• 2Lyi(H2) so that we may dehne n 2 : ®(g)C — ?■ Tyi(H 2 ), 
n 2 (& (g) c) = p 2 (b)a 2 (c), a unitary representation H 2 : G —)■ 2Lyi(H2) such that 
lU 2 ( 5 ')Ll 2 (d) = [n 2 o 6 ]{d)W 2 {g) for all G G and d G 23 0 C and an A-linear map 
Y 2 : V —H 2 such that (H 2 , n 2 , H 2 , ^ 2 ) is a minimal (d, U)-covariant dilation for S. 
Hence, there is an (A-linear) unitary operator U 12 : Hi —)■ H 2 which intertwines Hi 
with n 2 and lUi with W2. 


^The extension of the product of two commuting normal *-representations into a normal *- 
representation of the tensor product 23(8)6 is not always possible but for the von Neumann algebras 
typically encountered in quantum theory this is possible. Especially, in the situation studied in 
subsequent sections where one of the two algebras is a type-I factor, the product of the commuting 
normal *-representations can be chosen to be the tensor product of the identity representation 
of the type-I factor and a normal *-representation of the other algebra thus being a normal *- 
representation of 23 (g> C because of the special structure of normal *-representations of type-I 
factors m Lemma 2.2, Chapter 9]. 
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6 . CP MAPS IN QUANTUM THEORY 

The standard description for a (symmetric) measnrement in qnantnm mechanics 
can be given in terms of a (covariant) instrnment whose dehnition is the following: 

Definition 10. Let V and X be Hilbert spaces and (H, S, u) is a measnre space, 
where z/ : E —)■ [ 0 , cxo] is a-hnite. Let G be a measnrable gronp with a measnrable 
action on i.e., a measnrable map G x H 9 {g,u) gu & fl snch that ecu = u 

and {gh)u = g{hu) for all g, h E G and u E Q. Moreover, z/ is qnasi-G-invariant, 

i.e., i^igX) = 0 for every g E G whenever X G E is z/-nnll. This action gives rise 
to a G-action g i—)■ 'jg, [ 7 g(/)](i^) := f{g~^u) for all / E L°°(z/). Let U : G ^ 11(1?) 
be a mnltiplier representation of G and g ^ /3g an inner G-action on £(X) arising 
from a mnltiplier representation g i—)■ Ug, /3g{b) = Ugbu*g for all G G and b E T(X). 

A normal {f3 (g) 7 , G)-covariant CP map S : L{X) (g) L°°{u) S'cCV) snch that 

= {v\w) for all v, w E V is called a covariant instrument whose hrst 
marginal is the associated channel and the second marginal is the associated 
observable. 

Remark 17. By denoting the characteristic fnnction of X G E by Xx and writing 
(8) (n|r( 6 ,X)w;) = Sb^^^{v,w) 

the above implied the nsnal dehnition of an instrnment [53]: a (/3 (g) 7 , G)-covariant 
instrnment is a map T : £(X) x E —)■ L{V) snch that 

(1) for all X G E, the map /C(X) 3 6 ha r(6, X) G T(V) is CP and normal, 

( 2 ) T{Ijc,n) = h, 

(3) tr[Tr( 6 , U^;^Xj)] = tr[^r( 6 , Xj)] for all trace-class operators T on V, 

all b E C(X), and any disjoint seqnence C E, and 

(4) T{ugbu*g,gX) = U{g)T{b,X)U{gY for all ^ G G, 6 G T(X), and X G E. 

In Section [71 we denote the set of snch maps by E) or simply by J^(H). The 

hrst marginals of these instrnments are covariant qnantnm channels, i.e., normal 
nnital CP maps £ : T(X) -E L(y) snch that 8,{ugbu*) = U{g)t{b)U{g)* for all 
g E G and b E C(X). The second marginals of the instrnments are covariant 
positive operator measnres M : E —)■ /C('V), i.e., for any nnit vector v eV, the map 
X I— )■ (n|M(X)n) is a probability measnre and M( 5 fX) = U{g)M{X)U(g)* for all 
g E G and X G E. In section [71 we denote the set of these covariant observables by 
0^(12, E) or 0^(12). If the gronp or the gronp actions are trivial then one gets, as 
special cases, the non-covariant instrnments, channels, and observables. 

In what follows, we give generalizations for the qnantnm CP maps introdnced 
above by replacing the Hilbert space V of Dehnition [TU] by a modnle V over a G*- 
algebra. For the rest of this section including the following subsections, we assnme 
that X and X are Hilbert spaces, V an £(!K)-modnle, G is a gronp, U : G ^ 
GL£( 3 <)(V) is a representation, and g ^ fig ^ G-action on £(X). It follows that, 
for all g, h E G, b E C(X), (3g{b) = Ugbu*g where Ug E C(X) is nnitary, and Ugh = 
m{g, h)ugUh where m is a T-valned 2-cocycle, see Remark [101 Snppose that Si G 
Sj:{'K)(y) is positive (and invariant). First, let ns concentrate on a generalization of 
channels. 

^Also the converse holds if V is separable, namely any instrument T is absolutely continuous 
with respect to the (quasi-invariant) probability measure n{X) = tr[pr(/ 3 <;, AT)], X G T,, where 
p is a faithful positive trace-1 operator on V m- Now Equation ([5]) defines an instrument S of 
Definition [TOl 



COVARIANT KSGNS CONSTRUCTION 


AND QUANTUM INSTRUMENTS 


21 


Proposition 2. Let S G NCP^(si). There exists a Hilbert space %' and an L(‘K)- 
linear map J : V —)■ /C(CK; DC < 8 ) DC') such that 

Sb{v,w) = {Jv)*{b® Ix')iJw) 

for all b G /C(X) and v, w & Y, and linc{(& 0 Ix'){Jv) \ b G ^(X), t G V} zs a- 
strongly dense in £(DC; % 0 X'). Moreover, there is an m-multiplier representation 
G 3 g ^ u'g & 'U(X') such that JU{g) = {ug®u'g)J for all g & G. The CP map S is 
extreme in NCP^(si) if and only if, for any D' G -C(X'), the conditions [D',u'g\ = 0 
for all g e G and {Jv)*{Ix 0-D')(Ju) = 0 for allv eY imply D' = 0. We also have 
a ‘Kraus-type’ decomposition [23] 

Sb{v,w) = ''^^{iKxvYh{l\xw), b E L{%), v,wEY, 

Ag£ 

where L is a set and Ax : Y ^ £(DC;X), X E L, are L{‘K)-linear maps and the 
series converges a-strongly. 

Proof. Let (L, p, J) be a bb*-minimal dilation for S. Since L is a self-dual Hilbert 
£(DC)-niodule we may choose L = /C(DC;DC'), where DC' is a Hilbert space, and 
identify (/C(DC; DC')) with /C(DC'), see Remark [2l Note that the ri-topology 
of L is the a-strong operator topology. Now p : /C(X) -3 £(DC') is normal unital 
*-homomorphism so that DC' can be expressed as a tensor-product space X 0 X', 
where X' is a Hilbert space, and p{h) = b ® Ix' for all b E £(X) [HI Lemma 2.2, 
Chapter 9]. Furthermore, {m\p{b)m') = m*{bOlx')'^' for all m, m' E £(DC;X 0 X') 
and b E /C(X). 

By combining Corollary [2] with Lemma [2] one sees that there is a map U : G ^ 
1 X£( 3 <)(£(DC; X 0 X')) = ^.(X 0 X') such that (n* 0 Ix')JU{g) = U{g)J, g E G, and 
U{g){h 0 Ix') = (& 0 Ix')U{g) for all p G G and b E /C(X) implying that there exist 
unitary operators u'g E 'U(X') such that U{g) = Ix®u'g and JU{g) = {ug®u'g)J for 
all g E G. Since g U{g) = p{ug)U{g) = Ug®u'g is a group homomorphism, g u'g 
is a m-multiplier representation, i.e. Kg^ = m(p, h)u'gu'b for all g, h E G. Assume 
that ZD G C^£(jc)(£(DC; X 0 X')) = £(X 0 X') is an operator which commutes with the 
homomorphisms p and U. Hence, D = Ix® D' where D' E L(JC') and [D',u'^ = 0 
for all g E G. The extremality characterization now follows from Remark [HJ 

To prove the last claim, £x an orthonormal basis L of X' to construct bounded 
operators ax'. X 0 X' —)■ X via {'iplaxp) ■= {Y ® Mv)j "0 ^ X, p G X 0 X', where 
A G T. For each X E L, dehne an £(DC)-linear map : V —)■ £(DC; X) by {Axv)^ : = 
ax[{Jv)'if), n G V, -0 ^ X. Since for any increasing net of hnite subsets of 

L such that Uj^gLj = L the bounded increasing net ( converges a- 

strongly to Ix®t' and bax = axpip), one sees that the Kraus-type decomposition of 
the claim converges in the a-strong operator topology. Note that, if X' is separable 
then £ is countable and the above sum is countable. □ 

We say that X' of Proposition |2] is a minimal ancillary space of S. It is unique up 
to a unitary equivalence. 

Example 1. Choose DC = C, and let V be a dense subspace of a Hilbert space 
V and S : £(X) —)■ S'£(j{)(V) a normal CP map. Suppose that the sesquilinear 
form S'/j^ is bounded so that it dehnes a bounded positive operator P on V via 
{iflPY) = 93 , V’ G V. Hence, any Sb, b E £(X), is also bounded and S 

can be viewed as a normal CP map from £(X) to £(V). In the case P < I\>, S 
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is referred as a quantum operation and, in its special case P = Jv, as a quantum 
channel (in this case, J*J = Jy, i.e. J extends to an isometry) [25]. 

Example 2. Let dC, X, and %' be Hilbert spaces and L an orthonormal basis of 
Note that we may assume that £ is an arbitrary set and let %' be the sequence 
space then any A G £ can be identihed with the characteristic function of 

{A}. Let G 3 g Ug E U{%) be a unitary repsentation of a group G, /3g{b) = Ugbu*, 
and for each A G /C, let : •L(X) -3 /C(X) be a normal CP map which is covariant 
in the sense that ^\{ugbu*) = Ug^\{b)u* for all g E G and b E C{%). We denote 
<h = {$a}ag£ and 1 = {IaIag^ where 1a(&) = b, the identity channel. 

Dehne a vector space V as a set of maps u : £ —)■ /C(d{, X) such that u(A) 7 ^ 0 only 
for hnitely many X E C. The addition and scalar product are dehned pointwisely. 

Equip V with the module product (ua)(A) := v{X)a, v E Y, a E T(df), and A G T. 

Dehne then £(df)-hnear maps J : V —)■ £(df;X <8 X') and Aa : V —)■ £(df;X) via 
{Jv)ip = ® A and Axv := v{X). Now : £(X) -3 5'£(j{)(V), 

:= 5 ^u(A)*$( 6 )u;(A) = 5 ^(AAu)*<h( 6 )(AAu;) 

Ae£ Ae£ 

= {jvy{<i>{b)(^ix'){Jw), 

for all b G T(X), u, w G V, is a normal CP map. By dehning a representation 
U : G ^ GL£( 3 <)(V) via [U{g)v]{X) := UgV{X), g E G, v E Y, X E C, one sees that, 
for all (7 G G, u G V, -0 G dC, 

[JU{g)v]'ijj = 'y^^Ugv{X)y 0 A = {ug 0 Jjc') 

Ae/; Ae£ 

= {ug^ Ix>){Jv)y, 

that is, JU{g) = {ug®I%i)J. Hence, is covariant: = S^(U{g~yv,U{g~yw). 

Especially, if $ is a family of covariant channels (i.e. <hA(/ 3 c) = Ix) one sees that 

Sf^iv,w) = S}^{v,w) = si{v,w) := ^u(A)*'«;(A). 

Ae£ 

In this case, one can extend the module V to a Hilbert /C(d{)-module Y which 
consists of maps v such that Ik(-^)IP < (and the inner product is si). Since 

linc{(& ®I ^ ^ '^(^)) w G V} is cr-strongly dense in £(X;X(8)X'), is an 
extreme point of the convex set of all completely positive maps S : L(%) -3 S'£( 3 <)(V) 
such that Sj^ = Si (and thus an extreme point of NCP^(si)). Indeed, suppose that 
{Jv)*{Ix<^D'){Jv) = 0 for all v eY. Thus, by polarization, {Jv)*{Ix®D'){Jw) = 0 
for all V, w eY. Let (p G X and T/i G dC be unit vectors and A', A" G T. By choosing 
u(A') = \(p){'ip\ and u(A) = 0, A 7 ^ A', and w{X") = \(p){y\ and w{X) = 0, A 7 ^ A", one 
gets {'ijj\{Jv)*{Ix ® D'){Jw)'ijj) = {X'\D'X”) = 0 implying D' = 0. 

6.1. Generalized quantum instruments. In addition to the definitions made 
before Proposition\^ let us, from now on, fix the following: Let D be a set equipped 
with a cr-algebra S, and let z/ : E —)■ [0, cxo] be a a-hnite measure. Let also G be 
a group and assume that D is equipped with a measurable G-action in the sense 
of Dehnition (TU] with respect to which u is quasi-invariant. Dehne a G-action G x 
3 {g,f) e-)■ 'fgf as in Dehnition [TUI As before, let 6 be the G-action 6g = 
fig ® '^g- First we consider generalized instruments without covariance properties 
(Proposition [3]) and then with symmetries (Proposition |3j). 
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Proposition 3. Let S : /L(X) 0 L'^iy) —>■ SyK){y) he a normal CP map. There 
exists a Hilbert space OLq, a spectral measure F : E —)■ £([Ko), and an LiTi)-linear 
map P : V —)■ £([K; % 0 ^Kq) such that 

Sk^fiv,w) = {Yvr[b<^ ! fdf]{Yw) 
for all b G L{%), f G L°°{v), and v, w &Y, and 

linc{(fe 0 F(X))(Ft) I b G /:(X), X G E, T G V} 
is a-strongly dense in LfK] % 0 [Kq)- 

Proof. Note that the hrst marginal is CP and normal. It follows from Proposition 
[2] that there exists a Hilbert space %' and an £(IK)-linear map J ; V —)■ £(1K; DC 0 
X') such that Sl{v,w) = {Jv)*{h 0 Ix>){Jw) for all b G £(X) and u, tn G V. 
In addition, the set linc{(&0 Ix'){Jv) \ b G -£(X), u G V} is a-strongly dense in 
£(DC; X 0 X'). By Proposition [T] and Remark [31 there is a unique normal CP map 
E : L°°{u) ££( 3 <)(£(DC; X 0 X')) = £(X 0 X') such that, for each b G /C(X) 

and / G (6 0 Ix')E{f) = E{f){b 0 Ix'), that is, E{f) = Ix® E'{f) where 

L°°{u) 3 / I—)■ E'{f) G /C(X') is CP and normal. Hence, E' is uniquely determined 
by the normalized positive operator measure E' : E —)■ /C(X'), X ha E'(X) := E'{xx) 
where xx is the characteristic function of X, and E' is absolutely continuous with 
respect to z/ (i.e., zz(X) = 0 implies E(X) = 0) and E'{f) is the operator integral 
J^f{u)dE'{(.j) for all / G Furthermore, Sb(S)f{v,w) = {Jv)*[b ® E'{f)]{Jw) 

for all b G £(X), / G and u, tn G V. Let (Xq, E, K) be the minimal Naimark 

dilation of E' , that is, Xq is a Hilbert space, E : L°°{u) —£(Xo) is a normal unital 
*-homomorphism determined by the spectral measure F : E —)■ /C(Xo) via E{f) = 

f{u)dF{u), and X : X' —)■ Xq is an isometry such that E'{f) = K*E{f)K for 
all / G L°°(z/). In addition, \m.!c{E{f)Kf) \ f G L°°(zz), G X'} is dense in Xq. By 
denoting Y := {Ix 0 K)J, we have proven the claim. □ 

From now on, we denote by pg the Radon-Nikodym derivative dug/du of the 
translated measure I'giX) = I'igX) with respect to u. 

Proposition 4. Let S G NCPy(si) be such that a minimal ancillary space of 
the first marginal is separable. There is a direct integral Hilbert space X 0 = 
Jq ^n(uj) diy(u) such that n{gu) = n{u)) for all g E G and u E Ll, and an £(X)- 
linear map H : V —)■ £(X; X 0 X 0 ) such that 



L°°{i/), V E Y, form a a-strongly dense subspace o/£(X;X 0 X 0 ). For any g G 
G, there is a weakly u-measurable field u ha- y(g,u) of unitary operators y{g,u)) : 
t X„(^) such that, when one defines Pg G 'U(X0) through 



YU{g) = {ug®yg)Y, g E G. 
Furthermore, for all g, h E G and v-a.a. u Ekl 


y{gh,u:) = m{g,h)y{g,u:)y{h,g 
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where m : G x G ^ T is the 2-cocycle associated with the multiplier representation 
g I—)■ Ug, and g ^ Ug ® Pg is a unitary representation. Finally, S is an extreme 
point o/NCP^(si) if and only if, for any decomposable D = D{u)diy G £( 3 ^ 0 ), 
the conditions {Yv)*[lx ® D~\(Yv) = 0 and [D{u),y{g,u)] = 0 for all g ^ G and 
u E Q \ Ng, where Ng G Q is v-zero measurable, implies D = t). 

Proof. By Proposition [21 since G NCP^(si), there are a Hilbert space an 
£([K)-linear map J : V —)■ £([K; X (8) X'), and a multiplier representation G 3 g ^ 
u'g G 'U(X') with the 2-cocycle m such that we can write Sl{v,w) = {Jv)*{h ® 
Ix'){Jw) and JU{g) = {ug® u'g).J . Furthermore, 

= {Jvy[h® f fd^]{.Jw) 

for all b G 'i^(X), / G and v, w eY, where the operator measure E' is as in the 

proof of Proposition [3] Denote E'{f) = J f dE' for all / G As in R emark [T5l 

it is easy to see that u'gE\f) = [i?'o 7 g](/)n^ or, equivalently, u'gE\X)u'g* = E\gX) 
for all 5 ^ G G, / G L°°(z/), and X G S, i.e., the normalized positive operator measure 
E' is covariant. 

By assumption, %' is separable and we have a minimal Naimark dilation (X 0 , E, K) 
of E' where CK 0 = ^n(oj) du{u), E{f) = /, and X : X' —)■ X 0 is an isometry [2T] . 
Following [ 8 ], one can dehne an m-multiplier representation y, G 3 g yg E £(X 0 ), 

such that Ku'g = ygK for ail g E G and ygf = 'yg{f)yg for all g E G and 
/ G L°-{iy)E Hence, we have obtained a (projective) imprimitivity system (X 0 , F,y) 
whose Hilbert space IKq is a direct integral but not necessarily separable. More¬ 
over, we have only assumed that the G-action is measurable without any further 
assumptions on the group G. 

For all g, h E G, dehne a cx-homomorphism : D —)■ D, ca 1 —)■ Tg{u) = gu. By 
using Lemma [T] in the appendix, one hnds, for all g E G, a weakly measurable held 
uj HA y{g,uj) of unitary operators y{g,u) : FC„(g-i^) -3 J-Cn(uj) dehned as in Equation 
E Furthermore, 

{yghij){uj) = y{gh,uj)y{{gh)-^uj)^p^gh)-i{uj) = m{g,h){ygyhf)){uj) 

= m{g, h)y{g, u:)y{h, g-^u:)'ip{{gh)-^u:) ^pg-i{u)ph-yg-^u:) 

= m{g, h)y{g, uj)y{h, g-^u)y{{gh)-^uj) p[gh)-^ { 3 ) 

for all g, h E G, E X 0 and u-a.a. u E fl. 

Recall that /L(X) ® L°°(z/) acts on X < 8 ) hf 0 and the commutator of /C(X) ® L°°{v) 
consists of bounded operators Ix ® D = Ix ® D{u)dh'{u) where D E £(FC 0 ) 
is decomposable (with operators D{u;) E £(X„(^)) for u-a.a. u E D). Hence, S is 
an extreme point if and only if, for any decomposable D E £(F{ 0 ) the conditions 
[D, pg] = 0, g E G, and (Yv)* [ix ® D'jfYv) =0 implies D = 0, see Theorem jH □ 

Remark 18. In the context of PropositionjU we see that, by using the identihcation 




L'^iPn) ® 

.nGN 


[L^(z/oo) <8) Xoo] 


^Recall that pg can be constructed by extending ygf Kip := ^g{f)Ku'gP, g E G, f E L°°{y), 
p E %!. 
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given in o. one must have, for all a; G ^ 2 , 

Goj = I Q G G} C 

for some n‘^ G {0} U M U {oo}, that is, any orbit belongs completely to some set 
For any n G {0} U N U {cxd}, the projection := maps the vectors of onto 
® and we may write, for all b G £(3C), / G L°°{u), n, tc G V, 

Sb^f{v,w) = J2iYvy{b®PnfPn){Yw) + (Yv)* {b P^f P^) (Yw) 

neN 

(weakly). Hence, S can be viewed as a series of normal (/? ® y"', f/)-covariant CP 
maps : £(X) ® ^ ^£(jr)(V), 

60 / HA HA Sh^f{v,w) := (Yv)* {b PnfPnjiYw)], 

where the G-action y"" : G x is dehned similarly as y. If an orbit 

O := Gu belongs to S (or to its z/-completion) and n(0) > 0 then S can be further 
reduced by dehning 

S?®f{v,w) := {Yv)* {b ® x6fxo){Yw) 

(so that S = If S is extreme then any is extreme in the convex set 

of normal {(5 0 y"', f/)-covariant CP maps S' (such that S'j^^yv^w) = {Yv)*{Ix 0 
Pn){Yw)), and similar result holds for any . Eventually, we have seen that, by 
reducing S to its components S'”, we may assume that 0-C^ (associated to any S'”) 
is of the form L^(n„) 0 and, if an orbit is measurable, then one can assume the 
G-action to be transitive in the orbital component. 

Let S G NCPy(si) with the Naimark dilation space ‘Kq of Proposition [3l In 
the next proposition, we assume that tKo and X are separable. Hence, the minimal 
ancillary space of S*^ is separable and we may assume that Xq is the direct integral 
~ In ^n(ui) diy(u) of Proposition 01 

Proposition 5. There is a direct integral Hilbert space 

^0 / ^n^(uj) dz/(cj) 

Jq 

with n^{gu) = n^{u) and an L{X)-linear map iP : V —)■ £(1K;C1{^) such that 
S‘j{v, w) = (Kv)* f^{Kw) for all n, tc G V and f G L°°{u), where, for all f G L°°{u), 
/° is the diagonal multiplicative operator, (/°(p)(a;) = f{u;)ip{oj), (p G de¬ 

fined by f. Moreover, the C-linear span of the operators f^{Kv), f G L°°(z/), 
V eY, is a a-strongly dense subset of and there exists a representation 

G 3 g ^ y^g E 'U(C 1 C°), 

for all g E G, ip E and u-a.a. oj E fl, with KU{g) = y^K defined by a 

map y^ : G x hi — )■ 'U(FC„o(t^)) such that, for all g, h E G and v-a.a. u E VL, 
y°{gh,u) = y^{g,uj)y^{h,g-^u). 

Let the Hilbert space X^, the map Y, and g yg be as in Proposition\^ There 
is an isometry G : —)■ X 0 X^ such that {Gip){u) = G{u)ip{u) for all ip E 

and v-a.a. oj E LL with a weakly o -measurable field u ha G(a;) of isometries G{pj) : 
^nO(a;) —)■ X 0 Xn(uj) SO that Y = GK. Morcovcr, for all g E G, 

(10) G{goj) = {ug 0 y{g, goj))G{u)y^{g, gu)* 
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for v-a.a. oj eVL. 

Proof. We consider the second marginal 5^ which can be viewed as a normal co¬ 
variant CP map /C(C) ® L°°{u) —)■ S'£(j{)(V) whose minimal ancillary space is 
separable since, using the notations of Proposition [3], S‘j{v,w) = Sj^,gif{v,w) = 
(Yv)*{Ix < 8 ) / f dF){Yw) and the non-minimal dilation space X ® dfo is separable. 
It now follows from Proposition [3] (by setting X = C) that there is a separable 
Hilbert space XP, a spectral measure F° : E —>■ and an /C(!K)-linear map 

K :Y ^ L{X;X^) such that 

Sj{v,w) = {Kv)* J fdF°{Kw), /eL“(z/), v,weY. 

Since d£° is separable, we may identify it with the direct integral of the claim, 
and / f dF^ = /°. Similarly, by Proposition 0] (again setting X = C), there exists a 
map G X Q 3 {g,u;) y^{g,u) G 'U(X„o(t^)) such that, for all g, h E G and z/-a.a. 

uj eFI, y^{gh,uj) = y^{g,uj)y°{h, g-^uj) and, dehning G 3 g ^ y° E U(X:°), 

iygP)i^) ■= y°i9, \lPg-^ (w) 

for all g E G, ip E and z/-a.a. ca G ff, we have KU{g) = y^K and (by dehnition) 

2/°/° = Igiffyg for all ^ G G and / G L°°(i/). 

According to Remark [T 6 l there is a (unique) isometry G : -3 X( 8 )X 0 such that 

G/° = {Ix®f)G, Gy^ = {ug®yg)G, and Y = GK for all / G L°°(y) and g E G. The 

existence of the held of isometries of the claim follows by using G/° = {I%®f)G and 
standard methods (embedding the spaces X 0 and X^ in the same space L^(z/)( 8 )Xoo 
with decomposable isometries) and by identifying X®X 0 with X( 8 )X„(^) du(u). 
The second condition Gyg = {ug ® yg)G is equivalent with Equation (fTOj) . □ 

Remark 19. Let us elaborate the result above. The isometry G dehnes a quantum 
channel <h : /C(X) -3 ^(X^) via $( 6 ) := G *(60 Jjfg,)G, b E -L(X), and we may write 

(11) Sb^fiv,w) = iKv)*^b)f^{Kw), 6gT(X), /gL°°(z/), v,weY. 

Furthermore, [$( 6 ),/°] = 0 and (|/°)*<h( 6 )|/° = ^{u*gbug) (i.e. the channel <h is co¬ 
variant) or, written in the pointwise form, 

y^i9,9^y^gLoib)y^i9,9(^) = ^uj{u*gbug) 

for all G G and u-a.a. u E fl where : 1L(X) -3 dl(Xn(uj)) is a quantum channel 
dehned by ^uj(b) '■= G(u)*(b<g) Ij{^^^yG(u), b E T(X). Now (ITT]) transforms to 

{(p\Sb^f{v,w)ij) 

= [ f{^){[{Kv)(p]{uj)\^^{b)[{Kw)ij]{uj))diy{uj) 

JQ 

(12) = f f{u){G{u)[{Kv)ip]{u)\{b®Ix„^^^)G{u)[{Kw)f;]{u))du{u) 

Jn 

= [ /(^)([(for^)‘d](w)|( 2 >® ^w„(„))[(fow)^/>](a;))dz/(a;) 

Jn 

for all b E T(X), / G L°°{u), v, w eY, and (p, fj E X, where, e.g., [{KU{g)w)'ijj]{u) = 
[yg{Kw)'ip]{u) = y%g,u)[{Kw)'il:]{g-^u)^/p^ (ui) and CB holds. Hence, S is com¬ 
pletely determined by the space X^, the map K, the representation g 1 —)■ y^, and the 
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covariant decomposable channel so that we have obtained a generalization of The¬ 
orem 1 of [31]. Finally, we note that the direct integral space TC® = TCq was assumed 
to be separable so that the restricted measure space (fl', S', z/'), fl' = {a; G | n{pj) > 
0}, must have a countable basis, see Remark IH Clearly, C X (8) Ft® is 

also separable. 

From now on, we assume that (resp. G) is a locally compact second countable 
Hausdorff (Icsc) space (resp. Icsc group) equipped with the Borel a-algebra 
(resp. R(G)) and the G-action G x 9 {g, oj) goj E VL continuous (and thus 
jointly Borel-measurable). In addition, the 2-cocycle m is assumed to be trivial by 
Remark [12] (note that m is now T-valued so that G'” is also a Icsc group and the 
G™'*-action {g,t)x := gx is also continuous). The Icsc-assumptions imply that the 
stability subgroups are closed and all orbits are Borel sets, and thus we restrict our 
attention to a single orbit (of positive measure) and assume that is a transitive 
G-space. Transitivity of implies that, by picking a reference point Wq G 12 and 
dehning the (closed) stability subgroup if < G of Wq, 12 is homeomorphic to the 
space G/if, the left ii-cosets in G. Hence, we simply set 12 = G/H. We also assume 
that the map G 3 g ^ Ug E U(X) is weakly measurable, which means that, for each 
(p, i/^ E X, G 3 g i-E- ((pjugi/^) G C is (23(G), 23(C))-measurable. 

There is a Borel section s : 12 —)■ G, s(ii) = e, for the canonical projection G —)■ 12, 
g := gH, which from now on shall be hxed [39l Theorem 5.11]. For any Hilbert 
space M, we say that a map y : G x 12 —)■ U(M) is a strict {G,Q,'M)-cocycle if it 
is (jointly) measurable and y{e,u) = Im and y{gh,u) = y{g,u)y{h, g~^u) hold for 
all g, h E G and all a; G 12. For any Hilbert space M and any weakly measurable 
representation tt : H ^ R(M), dehne then the Wigner rotation y'" : G x 12 —)■ 
U(M) through y'^{g,u;) = 7i(^s{oj)~^gs{g~^oj)) for all G G and w G 12. One may 
easily check that y'^ is a strict (G, 12, M)-cocycle, 7i{h) = y'^{h,H), h E H. On the 
other hand, for any strict cocycle y, dehning the representations vr : if —)■ R(M) 
and the weakly measurable map : 12 —)■ U(M) through vr(f.) := y{h,H) and 
^{oj) := y(^s{u;),uj) one hnds that y and y'^ are cohomologous in the sense that 
y{9,^) = for ally eG and a; G 12. 

In the proposition below, we make the same assumptions on the CP map S E 
NCP^(si) as in Proposition [5] the dilation space TCo of Proposition [3] as well as 
X are required to be separable. Again, we may identify ffo with the direct integral 
ff® of Proposition 01 

Proposition 6. Suppose that the maps G 3 g ^ Sb(g,f{v, U{g)v) E T(1R), b E T(X), 
/ G V eY, are weakly measurable. Let TC®, the representations g ^ yg 

and g ha yg, K, Y, and G be as in Proposition 0 There are separable Hilbert 
spaces M and such that ff® = T^(z^) <8) M and = L‘^{y) ® and weakly 
measurable (or equivalently strongly continuous) representations vr : if —)■ 1X(M) and 
p H ^ R(M°) such that yg = yg and y^ = y^ for all g E G, where 

(13) (2/gV’)(w) = 2/^(^, ^)y{9~^^) \l Pg-^ (w) 

(14) = yy9,^)T{9~^^)\/pg-y^) 

for all g E G, f) E T^(z/) 0 M, p G T^(z/) 0 and v-a.a. uj E 12. Moreover, there 
is an isometry Go : —)■ X 0 M such that Gop{h) = {uh 0 7r(f,))Go for all h E H 
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and 

( 15 ) C{g) = [ug ® g)) gf 

for a. a. g G G, where the isometries Cifg), g G G, are the ones introduced in 
Proposition O 

Proof. It follows that the representation G 3 g ^ Pg E 'U([K 0 ) of Proposition 0] is 
weakly measurable (or, equivalently, strongly continuous) and hence the associated 
map G X PL 3 {g,u) i—)■ y{g,u) G 'U(lK„(t^)) is (jointly) weakly measurable [39l 
Lemma 6.5]. Indeed, by polarization, the maps g i—)■ [/((/)tc) = [(& ® 

f)Yv]*{YU{g)w) are weakly measurable. Since the linear span of vectors {h® f)Yv 
is cr-strongly (and thus weakly) dense in £( 1 K; X® 1 K 0 ) there exists a dense subspace 
sex® Hf® such that the mappings g i—)■ {ip'\{YU{g)w)'ilj) are measurable for all 
ip' E §> and E tK. Thus, for all G X ® TC® and E tK, there exists a sequence 
ipn G X® TC®, n G N, such that lim„^oo Pn = P and the maps g i—)■ {(pn\{yU{g)w)'il}) 
are measurable for all n G N. Now g i—)■ {ip\{YU{g)w)'ilj) is measurable as a pointwise 
limit of a sequence of measurable functions and g ha YU{g)w is weakly measurable 

implying that g ^3 {b ® ^g{f)){u* ® l 3 ijYU{g)w = {1% ® yg)[{h ® f)Yw] is weakly 
measurable (since the space X ® TC® between the products is separable). Similarly 
as above, by using the density argument, one sees that g ^ yg is weakly measurable, 
and, in the same way, g *-3 yg and the associated map G x fl 3 {g,u) *-3 y^{g,u;) E 
1 X( 1 K„ 0 (^)) are weakly measurable. 

The fact that the direct integral spaces can be expressed with the separable Hilbert 
spaces M and follows from transitivity and Remark [T 8 l Thus the representations 
g ^ yg and g ^ yg arise from maps y : G x H —)■ 'U(M) and y^ : G x H —)■ ^^(M^) 
such that, e.g., for g ha yg, 

for &\\ g E G, fj E Lfiy) ® M, and i/-a.a. a; G H, and y{e,u) = Im and y{gh,oj) = 
y{g, uj)y{h, g~^u!) for all g, h E G and for a. a. a; G H, and similarly for y^. According 
to [39l Lemma 5.26], we may consider both y and y^ as strict cocycles, and thus 
cohomologous with Wigner rotations. This means that y is (unitarily) equivalent 
with the Wigner rotation y"^ with vr(h) = y{h, H) and y^ is (unitarily) equivalent 
with yp with p{h) = j/°(h, H). 

For the last claim, dehne a weakly Haar measurable isometry-valued map F on 
Gby 

F{9) := {ug®y'"{,g,g))*G{g)yP{g,g) E £(M°;X® M), g EG. 

Since the function (gf, g') ha F{gg') — F{g') is jointly (weakly) Haar measurable, the 
set of those {g,g') E G x G such that F{gg') — F{g') = 0 is a product measurable 
set @ as a preimage of the measurable set {0} C T(M°; X ® M) (equipped with the 
weak operator topology). Using the Equation ffHJ]) . one hnds that, for all g E G, 
one has F{gg') = F{g') for a.a. g' G G. Applying the Fubini theorem, one hnds 
that F{gg') = F{g') for a.a. {g,g') E G x G, and another application of the Fubini 
theorem implies that there is go E G such that F{ggo) = F{go) for a.a. g E G. 
Thus F coincides with a hxed operator Go almost everywhere, i.e., 03 holds for 

®That is, it belongs to the completion of the product cr-algebra 23(G) ® 23(G) with respect to 
the product of a Haar measure with itself. 
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a.a. g E G. It immediately follows that Cq is an isometry. Fix an h E H. Since e.g. 

y^igKg) = y''{g,g)p{h), 

Co = {ug^y''{g,g)yC{g)yP{g,g) = {ugh^y"'{gh,g)yC{g)yP{gh,g) 

= {uh ® 7r{h)y {ug ® y^{g,g)yC{g)y^{g,g)p{h) = ® 7r(h))*C'op(h) 

for a.a. g E G. □ 

To conclnde, by combining the above resnlts with flT^ . we have seen that the 
strnctnre of S is determined by a separable Hilbert space M°, an /C(TC)-hnear map 
K : Y ^ ® M°), a strict (G, H, M°)-cocycle y^ (or its indnced repre¬ 

sentation g HA y^) snch that KU{g) = y^K and a (covariant) qnantnm channel $o : 
X -E T(M°) satisfying yp{h, H)*^o{b)yf’{h, H) = ^o{ulbuh) (where yP{h,H) = p{h) 
for all h E H): 

{p\Sh®f{v,w)'tp) 

(16) = [ f{g){[{Kv)p]{g)\yP{g,g)^o{u*gbug)yP{g,gy[{Kw)ij]{g))diy{g) 

Jo. 

for all p, y E X, b E T(X), / G L°°{u), and v, w eY. The covariant dilation of $0 is 
of the form ^o{b) = Gg (6® J]vt)Go, b E T(3C), where the isometry Gq : —)■ DC®M is 

snch that Coy^{h, H) = (M/j®7r(h))Go for aWh E H (and tt is a nnitary representation 
of iif in a Hilbert space M). Note that h h-)- p{h) = C^Uh ® 7r(h))Go is (nnitarily 
eqnivalent with) a snbrepresentation of h Uh®T^{h). Moreover, giving $0 a Krans 
decomposition 

r 

(17) %{b) = r e MU {CX)}, 

i=i 

(a-strongly) where Aj E T(M°; X), one can write the covariance condition for <I)o in 
the form 

r r 

( 18 ) ^ pWA-bAjpih) 

i=i i=i 

for all h G if and b G T(X). In the next section, we stndy the case ff = C and 
elaborate eqnation flTB]) for a qnantnm instrnment by adding assnmptions on the 
gronps G and if; see Theorem [HI 

7. Covariant instruments in the case of a type-I group 

In this section, we £x a nnimodnlar Icsc gronp G of type I [laill] and a strongly 
continnons nnitary representation 7/ : G —)■ 'U(V) where V is a separable Hilbert 
space. Denote the nnitary dnal space of G by G, i.e., r G G is a nnitary eqnivalence 
class of irredncible nnitary representations of G. We identify each r G G with a hxed 
representative, i.e., a single irredncible nnitary representation g Tg that operates 
on a separable Hilbert space X{t) whose dimension is n(r) G M U {cxo}. It follows 
that there are separable Hilbert spaces C{t), t E G, snch that we may set 

/*© 

(19) V= X{t) ® L{t) dpi^r) 

Jg 

with some measnre p : ®(G) —)■ [0, 00 ] and 

(20) {U{g)p) (r) = (r^ ® Ij:p))p{T) 
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for all 93 G CK and /i-a.a. t E G [12] ■ We assume that if is a compact subgroup of 
G and denote the space G/H of left cosets by hi and the canonical projection by 
? : 9^9 = 9 H. 

We say that a normalized positive operator measure (observable) M ; 23(17) 
L(y) is (17,17)-covariant if M( 5 fX) = U{g)M{X)U{g)* for all g E G and X E 23(17), 
and denote the convex set of such measures by 0^(17). In this section, we give 
an exhaustive characterization for the (t/, 17)-covariant observables largely following 
HHElEn]. In 0 the characterization was given in the case where G is compact 
whereas in [2D] a similar result was obtained in the case of the trivial subgroup 
H = {e}. We show that combining these results one can characterize the set 0^(17) 
in the case where the group G needs not be compact but the (non-trivial) subgroup 
H is compact. In the end of this section we apply the results concerning covariant 
observables to covariant quantum instruments. 

Before we go on to characterize covariant observables, let us recall some basics 
of harmonic analysis of topological groups. Fix the Haar measure^ vq and 
vh{H) = 1, of the groups G and if, respectively. Pick an invariant measure uq : 
!B(17) —)■ [0, 00 ] such that 

(21) [ f{g)diyG{g)= f [ f{gh)diyH{h)diyn{g) 

Jg Jn JH 

for all / G L1{vg)- Especially, r'o(X) = z/G'(g“^(X)), X E 23(17). Any two quasi¬ 
invariant measures on 17 are mutually absolutely continuous [5DI Theorem 5.19]. 
Especially, any M G 0^(17) is absolutely continuous with respect to z/q. 

Suppose that is a separable Hilbert space and p : if —>■ II(M°) is a strongly 
continuous unitary representation. The representation g ^ induced from p de- 
hned as in flT3|) can be expressed in an equivalent wajH (for details, see e.g. Section 
6.1 of [H]): Dehne the linear space of continuous functions f : G ^ such 
that the (projected) support of / is compact and f{gh) = p{h)* f{g) for all p G G 
and h E H. Let denote the completion of with respect to the inner product 
(/!/') = /n(/(5')l/'(5')) dr'o(p), /, f e Define a strongly continuous represen¬ 
tation G 3 g ^ 'dP E lX(.ft^) and a unitary operator U' ■. Rp ^ L^(z/n;M°) = 
T^(i^o) ® through equations ('d^/)(fi'0 := fig~^g') and 

( 22 ) {U'fm-.= yP{g,g)f{g) 

for all f E ^ and p, g' E G. It follows that the representations g ^p and g yp 
are unitarily equivalent: yPJJ' = 17''d^. 

Since H is compact we may view ^p as a closed subspace of M^). Indeed, 

when / G we may calculate its //^(z/c; M‘’)-norm 

II/IP= / [ WfWfduMdMg) = [ [ \\f{g)rduH{h)dMg) 

Jn J H Jn J H 

= [ \\f{g)fdM9) 

Jn 

which is the same as its .^^-norm. The representation G 3 g ^ 'dP E 'U(.^^) is nothing 

but the projection of the left regular representation G 3 g >-3 A^° G 'U(L^(z/g; M°)) 

'^Both left and right since the groups are unimodular. 

®In general, the definition of the representation (1131) includes multiplication with the square root 
of the density function Pg{uj) but our simplifying assumption on unimodularity allows us to use 
the G-invariant measure vq implying Pg{ui) = 1 for z^n-a.a. w G ft. 
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defined by (A^°V’)(5'0 •= for all G G, G L^(nG';M°), and a.a. g' G G: 

= Af J, geG 

where J L^(z/g'; M°) is the isometry f ^ f. 

Dehne the spectral measnres Q : B(G) —)■ £ (L^(z/g; M°)), iQ{Z)'tp){g) := Xz{9)'<P{9) 
for all Z G S(G), G L2(z/g;M°), and a.a. ^ G G, and ^ L{^p), 

[MP{X)f){g) := Xx{g)f{9) for all / G X G and a.a. g e G. Hence, 

M^(X) = J*Q(g-i(X))j, Xg®(H). 

From now on, we call the triple {^p, M^, as the canonical system of imprimitivity 
associated with p. Note that x\U' = G'M^(X). 

Remark 20. Assnme that ^ 0 and let M G 0^(r2). According to Proposition 

El there are a separable Hilbert space M°, a strongly continuous representation p : 

H — )■ 11(^1°) and an isometry X : V — C such that X*M^(X)X = 

M(X), KU{g) = 'dgX, and the linear span of the vectors M^(X)X(p, X G S, 

(p G V, is dense in ^p. Note that the conditions of Proposition [6] are met because 
V is separable and H is Icsc guaranteeing that the minimal Naimark dilation space 
of any M G is separable. Thus, the quadruple {^p, Mp, K, {tP) constitutes 

a minimal covariant Naimark dilation for M where (.^^, is the canonical 

system of imprimitivity associated with p. This result has first been proven in |H]. 
Note that M(X) = K*Q{q-\X))K and KU{g) = Xf°K where K := JK is an 
isometry from V to [ug] . Especially, one can define a normalized positive 
operator measure M : B(G) £(V) by M(Z) := K*Q{Z)K, Z G S(G). Now 
M(X) = M(g“^(X)) and M is covariant: M{gZ) = U{g)M{Z)U{g)* for all G G 
and Z G ®(G). Hence, we can apply the results of [18] to M. Especially, we 
hnd that the measure p of flT^ must be absolutely continuous with respect to the 
Plancherel measure pp, : ®(G) —)• [0, oo] associated with the Haar measure pq by 
the Parseval-Plancherel formula. We clearly may and, from now on, will assume 
that p — t^Cj' 

Pick /ig-measurable helds G 3 r i—)■ C(r) G X(r) and G 3 r i—)■ .^(r) G /C(r) 
and dehne the held i via = C('^) ® 'C('r)- Denote by V the linear hull 

of vectors ('kf G V for which the norm ||C*^||i := Xj IIC(''')IIII^('7')|| < oo. 

Note also that the Hilbert space norm ||(^ a^||v < oo|j Clearly, V is dense in V and 
invariant under U (i.e., U{g)Y C V for all g G G). Let G 3 r i-3 C X(r) 

be a measurable held of orthonormal bases and C %{r)* the dual basis 

of {ej{T)}^^} where X(r)* is the topological dual space of X(r). 

The following theorem characterizes the convex set 0^(17) and its extreme points. 

Theorem 5. For each M G there are a separable Hilbert space a linear 

map A : V —)■ whose range A(V) is total in and a strongly continuous 

unitary representation p : H ^ such that XU{h) = p{h)A for all h E H and 

(23) (^|M(X)i^)= [ {AU{grp\AU{gmdMg) 

Jx 

for all ip, fj eY and X G ^(D). The map A has the following structure: there are 
weakly pp,-measurable fields r i-3 Ajipr), j E N, of bounded operators Aj(r) : T(r) —)■ 

®In addition, we consider t M- Gr) 0 GG a fixed representative from the class C * C G V. 
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such that Yl^j=i — -^£(r) (cr-strongly) and 

(24) Aif = [ A(r)(^(r) d^i^gir), G V, 

JG 

where A(r) := Y^^=i ® t e G. Conversely, a map M : !B(n) —)■ 

£(D4) defined as above in (d^) belongs to 0^(f2). Moreover, M is extreme in 0^(f2) 
if and only if, for any D G £(M°), the conditions Dp{h) = p{h)D for all h ^ H and 

n(r) 

(25) ^Aj(T)*£>A,(r) = 0 

i=i 

for Pij-a.a. r E G imply D = 0. 

Proof. This proof largely follows the proofs of m Proposition 2, Theorem 1] and 
[T8l Theorem 2], Suppose that 0^(f2) is non-empty and recall that V = X(t) 0 
/C(r) (ipg(r). Let M G 0^(f2), and let M^, K,i9^) be a minimal covariant 
Naimark dilation for M and K = JK as in Remark [2U1 Especially, p : H ^ 
is a strongly continuous representation where is a Hilbert space. Next we recall 
the construction of a minimal covariant dilation for M, see m Section 4.2], 

For each r E G dehne the conjugate linear bijection X(r) 3 (5 (5* E 3C(r)* 

through (5*{C) := (/9|C) whenever fi, ( E X{t). The space X{t) (g) X{t)* is identi- 
hed with the Hilbert space of Hilbert-Schmidt operators on X(r) so that Tg acts on 
the hrst component of |C)(/9| '■= C ® fi* G X{t) ® X{t)*. Let X® := X(r) (g 
X{t)* dpQ{r). For any p E L^ir'c) bl Lfivc) dehne Xp E X® by {Xp){t) = 

J^p{g)Tgdh'G{g) for /ig-a.a. r E G. The map p i—)■ Xp can be extended to a 

unitary map X : L‘^{ug) -3 X®, the Fourier-Plancherel operator. Dehne the rep¬ 
resentation G 3 g ^ A^° := (T (g Jmo)A^°(T 0 /mo)* G ^/(X® 0 M°) for which 

(A^°V’)('r) = (Pg for all G G, "0 G X® 0 and pp,-a.a. r E G. 

Since K intertwines U with A^° and the unitary operator X 0 intertwines A^° 
with A^” it follows that the isometry hP = (T 0 Im°)K intertwines U with A^°. 
Let M be an inhnite dimensional Hilbert space such that is a closed subspace 
of M. Then M = © (M°)-*- and we may consider W as an isometry from V to 

X® 0 M. As shown in detail in [201 Lemma 1], W is decomposable in the sense 
that {Wp){t) = 0 Wirfijpir) for all G V and p^-a.a. r E G with some 

weakly /i^^-measurable held r i—)■ hP(r) of isometries W{t) : /C(r) -3 X(r)* 0 M. 
But (C 0 a\Wp) = 0 for all C G X®, a E (M^)-*-, and p E V implying that we may 
assume that the range of any W{t) is contained in X(r)* 0 (see the proof of 
Lemma 2 in EDI)- 

Any vector p E X(r)* 0 can be expressed as a unique sequence of vectors 
{pj}^=l C such that p = ® Vj- Let '^j{r) : X(r)* 0 —)■ 

be the bounded operator p \-3 pj, i.e., p = ® ('Lg('r)p) for any p E 

X{t)* 0 M°. Let Aj(r) := \kj(r)hP(r) and V(r) := lin{(C 0 ^ | C G X(r), ^ E 
Dehne a linear map A(r) : V(r) —)■ by A(r)(C 0 0 := Z]ji’i\6j('^)IC)Aj(r).^ 

so that A(r)(ej(r) 0.^) = Aj{T)f and (weakly and thus 

cr-strongly since the sequence is increasing and bounded). Fix a ^ G V. Since 
E”hl(<=i(^)IC(r))P = IIC(T)f and E’‘Sll«,(^'r(n)5(T)||^ = ||«r)f we may 
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define the integral operator A : V —)■ by 


A(C*0 






Denote the trace over X(r) by tr^-. Let a G and T(r) := ((r) <S> j3(t)* = 
ICW)(/3(^)I where /3(r) := Eji? Since tr^[T(r)*T(r)] = 

llC(^)lPll/?('r)|P and ||/3(r)|| < ||a||||^(r)|| it follows that T = T(r)dp^(r) G X© 
and 3^*T G L‘^{i'g)- For any ip G L^ivc) D L‘^{ug), the jointly measurable function 
{g,T) i-A p{g)tTr[T*T{T)] is ug X /x^j-integrable: 


[ ! |¥^(^)tD[r;T(r)]| d/ig(r) dvGig) 

JG JG 

< ll«ll j Wi.g)\dl^G{.g) [ \\C{T)\\\\^{T)\\dp^{T)<00. 

JG JG 

By using the Fubini theorem, the formula = J^p{g)TgduG{g) (dehned as a 

weak integral), and the unitarity of 3^, one gets 


[ [,^{g)^^r*T{T)]dfj^{T)duG{g) = / tr^[(J</9)(r)*T(r)]d/rc(r) 

JGJG JG 

= [ M{TT){g)duG{g) 

JG 

SO that E'tr^[r*T(r)] dpQ{T) = {J*T){g) for all g G G\Na where C G is of zero 
Haar measure. Then, for all 5 ^ G G \ Na, 


{a\AU{gy{C^O) 


I- "-(D 

/ 5^(ei(r)|r;C(r))(a|d'j(r)hF(r)^(r))d/rG(r) 
Jg 

j^Wi'r)\^gCi^)) dPci^) = j^tTr[T{T)T*] dpp.{T) 
{TTyg) = (a|[(T*®/M0)LF(CA0](f7)) 

(«|[^(CaO](^)) 


where we have used the identihcation = L‘^{un] Af°b Note that G 3 g ^ 

{a\AU{g)*{(ic^)) = dp^lr) G C is continuouso Let {anjneN C 

be a countable dense set in and N := U^LiAfar, a zero measurable set. By 
continuity of the inner product, we get [iF(CA^)]( 5 f) = AU{g)*{('k^) for all g G G\N 
and 

{pmz)y) = {p\rQ{Z)Ky) = [ {AUigrp\AU{gry)duGig) 

Jz 

for all p, y eY and Z G 23(G), see equations (1) and (9) and Proposition 2 of [20] . 
Since, for all 93 G V, 5 ^ 1 —)■ AU{g)*p is weakly continuous, AU{g)*p = [Kp]{g) for 
a.a. g E G, and Kp E (i.e. {Kp){gh) = p{h)*{Kp){g) for a.a. g E G and all 


^'^Since g 1 —>■ Tg is a weakly continuous representation of G in %{t) dg^ir) and 

there exist vectors /3^ C %{t) dg^G) such that {P' {t)) = {PiGlr*({ t)) for all g G G 
and T E G. 
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h E H) it follows that AU{h) = p{h)A for all h E H. From M(X) = M(g ^(X)) one 
arrives at ([23]): 





X J H 


{AU{ghyip\AU{ghy'ip) dunih) dun{g) 
duHWiAUigyiplAUigyy) dun{g) 

'X J H 

[ {Au{gyip\Au{gyy) dMg)- 
lx 



The converse assertion of the hrst part of the claim is easily proven. 

To see that A(V) is total in assume that, on the contrary, there is an a G 
a y 0, such that (a|A(p) = 0 for all ip eY. Fix a measurable section s : —)■ G for 

q and an X’ E !B(f2) for which 0 < z/q(X') = i>G{q~^{X')) < oo. Dehne a nonzero 
y E y{g) := Xq-Hx')i 9 )p{ 9 ~^s{g))a for all g E G. Now {y\MP{X)K(p) = 0 

for all X G S and G V but this is not possible since V is dense in V and the 
linear span of vectors M^(X)X<p, X G S, (p G V, is total in Next we determine 
whether M is extreme in 0^(f2) using the dilation M^, K) (see, e.g. Theorem 

H- _ 

Suppose that D E is such that T)M^(X) = M^(X)id for all X G 

and DpP = for all g E G. These conditions are equivalent with the following: 
{Df){g) = Df{g) for all f E and a.a. g E G with some operator D E /C(M°) 
such that Dp{h) = p{h)D for all h G if [ISl Theorem 1], Pick V? = Ci ^ V and 
y = (2 *^2 Using 


n{T) 


n(r) 


W{T)^r{T) = 5^ej(r)* ® {'^j{r)W{T)^r{T)) = 5^ej(r)* (g) (Aj(r)^^(r)) 


i=i 


for r = 1, 2, one can calculate 

{Kp^lDKy) = (Kif\{lL2(^,^)®D)Ky) 

= {{T o /Mo)fU(p|(42(,^) 0 nyr 0 lu^wy) = {Wp>\iix^ 0 D)wy) 

(Ci('r) ® hF(r)6(r)|C2(r) ® (/x(r)‘ ® T>)lU(r)^2(r)) dp^ir) 


'G 


'G 


n(T) 

(CiMIC2(r)) 5^{Aj(r)^i(r)|T)Aj(r)^2(r)) dp^ir). 

i=i 


It follows that the condition K*DK = 0 equals with fl2S]) . These results combined 
with Theorem S] prove the latter part of the claim. □ 


In the remainder of this section, we £x a separable Hilbert space X and a strongly 
continuous representation G 3 g ^ Ug E U(X). We let denote the convex 

set of covariant instruments as described in Remark [T71 Especially, the associated 
observable M of F belongs to 0^(H) so that we may apply Theorem [S] and equations 
flT^ and ffT7|l . Note that parts of the following remark have been proven in [6]. 

Remark 21. According to Proposition [H] (whose conditions are again satisfied), for 
any P G 1^(12) there exist a Hilbert space M, a strongly continuous representation 
TT : if —>■ £(M) giving rise to the canonical system of imprimitivity M’^, 
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similarly as in the beginning of this section, and an isometry Y : V —)• X (8 snch 

that YU{g) = {ug ®d'^g)Y for all G G and 

(26) T{b,X) = Y*{b(^M^{X))Y, X e b e L{%). 

Fnrthermore, the dilation , M^, Y) for F is minimal. Note that can be viewed 
as a closed snbspace of M) snch that it consists of fnnctions xjj G L^(nG;M) 

satisfying the condition ^jigh) = 7r{h)*'ilj{g) for a.a. g & G and all h & H. The 
instrnment F of fl26p is easily seen to be extreme in if and only if, for an 

operator D G £(M) such that Dirih) = 7r{h)D for all h G H, the condition Y*{Ix^ 
b)Y = 0, where D G is dehned through {bf){g) = Df{g) for all / G and 

a.a. g E G, implies D = 0. 

Using Theorem [5l we may give the following characterization to all instruments 
in the set conjectured in [191 P- 1377] (where H was assumed to be trivial 

{e} and U = u). See also the result m Theorem 5.2, Chapter 4] in the case of a 
compact symmetry group. Let the dense subspace V C V be dehned as earlier in 
this section. 

Theorem 6. Suppose that F G J(((f2). There are linear operators Bj : V —)■ %, 
j<r + l, rGNU {oo}, such that, for a// (p G V, 6 G T(X), and h & H, 

r r 

(27) '^{Bj^\ulbuhBj(p) = '^{BjU{h)^\bBjU{h)ip), 

i=i i=i 



and F has the decomposition 


(29) (v?|F(6,X)V^)= / Y.{ugBgU{grg^\bugBgU{grfj)dM-g) 

Jx 

for all X G T(G), <p, -0 G V, and b G /C(X). Conversely, given a map F : £(X) x 
B(f2) —)■ L{V) defined as in / f^) where the operators Bj : V —)■ X satisfy conditions 
|^7| ) and 113); then F G 

Proof. Let M G ©(/(fl) be the associate observable of F, i.e., M(X) = F(/ 3 ^,X). Let 
the operator A : V —>■ and the representation p : FT —)• 'U(M°) for M be as 

in Theorem [5] so that M has the covariant minimal dilation (.ft^, M^, iC) where 
{Kip){g) = AU{g)*ip for all p G V and (almost) all g & G. Fix a measurable section 
s ■. Vt ^ G and let : G x —)■ 11(371), {g,u:) eA yP{g,u) = p[s{u)~^gs{g~^u)) 
be the corresponding Wigner rotation. By using the unitary map IP of fl2^ we 
can dehne the isometry iC' : V —)■ L^(nn;M°), {K'ip){g) := y'^{g,g)AU{g)*(p for all 
g & G and p G V, and bring the imprimitivity system (.^^, M^, i?^) back to the form 
(L^(z/q; M°), P, j/^) where P(X)0 = xxp and {yP'ip){uj) = yP{g,u)'fi{g~^u:) for all 
X G 23(72), ip G 37C°), g ^ G, and n^-a.a. a; G 72. 

Assume that tt : 77 —)■ 11(371) is a representation such that the entire instrument 
F has the dilation described in Remark HT] and do the same trick as above for 
Hence, we get the isometry U' : V —)■ X (g) Lfpon'-, 37t) = F^(z/q; X (g) 37t) 
by dehning (Y'ip){fg) := (hjc ® y^{g-,'g))iXT){g) for all G V and a.a. g E G. Let 
G : 73^(no;37[°) —)■ 73^(z/fj;X 0 3VC) be the decomposable isometry of Propositions [5] 
ancJHlsuch that Y' = GK' and Aj, j < r + 1, be the Kraus operators of flTTjl for the 
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channel $ 0 , *ho(&) = Cq^B Im)Co, b G /C(X). Define := AjA. It follows from 
flT^ that, for all ip, 'ip h E and X G S(D), 


{v\r(b,x)i.) 


[ {{K'ifi)(g)\v'’(g,g)%{u’bUg)y'’{g,gy{K'i>){g)) dva{g) 
Jx 

[ {AU{gyip\<S>o{u*gbug)AU{gy'ilj) dun{g) 



The conditions fl7r|) and fl25D follow from the covariance condition flTSD for $0 and 
the normalization of T, respectively, and the converse claim follows immediately. □ 


7.1. Instruments covariant with respect to a square-integrable represen¬ 
tation. In this snbsection, we investigate a particular application of the theory 
developed in the preceding section. We will notice that, in some physically mo¬ 
tivated cases, the “Kraus operators” appearing in the general form of a 
covariant instrument can be chosen to be bounded. 

Throughout this section, let V and % be separable Hilbert spaces, G a unimodular 
Icsc group, and H its compact subgroup equipped with the Haar measure uh such 
that vh{H) = 1. Fix a Haar measure vq for G and the G-invariant Borel measure 
vyi oi Vt = G/H such that holds. Assume that IK : G —)■ 'U('V) is a strongly 
continuous unitary representation with the property that there is a constant d > 0 
such that 

/ \{v\^{ 9 )^)?dvG{g) = d 
Jg 

for all unit vectors ip, pj E V. Such a representation is called square integrable. 
Observables covariant with respect to a square-integrable representation have been 
studied, e.g., in m- 

Let us fix another strongly continuous (projective) representation G 3 g Ug E 
'U(3C) and concentrate on instruments T G We have the following theorem 

as a direct consequence of Theorem [6] and results of [2l] . 

Theorem 7. For any T E (f2), there are Hilbert-Schmidt operators B^ : V —)■ %, 
j<r-l-l,rGNU{oo}, satisfying the condition |^ 7 | ) (with U replaced by W) such 
that 

r 

(30) ^trlB*B,] = l/d 

i=i 

and 

(31) {p>\T{b,X)p>) = [ '^{ugBjW{gy(p\bUgBjW{gyp>)dun{g) 

Jx 

for allipEV,bE £(DC), and X E S(D). 

Proof. Let T G J)f(r2). The existence of the operators B^ defined on a dense W- 
invariant subspace V C V such that fET)) and fl^ hold is already guaranteed by 
Theorem [6l Hence, it suffices to show that condition flHOjl is met, from which it 
follows immediately that the operators Bj extend to Hilbert-Schmidt operators. 

Denote the observable marginal r(/ 3 c, •) of T by M. Since M G 0^(11), we may 
associate to it, as discussed in Remark 1201 an observable M G O'^(G). According 
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to 12 a Theorem 3], there is a positive operator S of trace 1 on V such that M(Z) = 
d~^ JzW{g)SW{g)* ducig) (weakly) for all Z e Dehning a new trace-1 

positive operator S := JjjW{h)SW{h)* dunih) (weakly), we may write for any 
V? e V and X e ®(fi) 

[ W{B,.»'(g)>|Bj»'(g)»rf,.n( 9 ) = (,.|M(A')v.) 

Jx 

= ^j{W(gr^\SW{gr~p)dvo(a)- 

This implies that, for each <^9 G V, there exists a null set C G such that 

(32) ^{B,»V(9)>|B,»V(9)» = i{lV(9)>|S(V(9)» 

i=i 

for all G G \ Let D C V be a countable set dense in V and dehne a set 
N := of Haar measure zero. Thus fl3^ holds for all (7 G G \ X and (^9 G D. 

Since the both sides of fl3^ can be interpreted as positive quadratic (and thus 
sesquilinear) forms on V and the form on the right hand side is bounded, it follows 
that ~ d~^S and, for any j < r -|- 1, the operator is Hilbert-Schmidt. 

This proves the claim. □ 

Suppose that T G (G) and B/s are as in Theorem El As we saw in the proof 
of Theorem [71 there is a trace-1 positive operator S on V commuting with the 
subrepresentation H 3 h^W{h) E 1X(V) such that 

E B-Bi = is, 

i=i 

and the observable M G 0'^(f2) associated with the instrument T is given by 

(33) (^|M(X)v9) = ^ JjW{grcp\SWigrcp) dunig), ^eV, Xe B(ff). 

Theorem [7] tells us that, whenever we have some M G 0^(G) with the trace-class 
operator S such that fl3^ holds, we can determine any M-compatible instrument 
T G (G) (associated to a representation G 3 g ^ Ug E 'U(X)) by using a decom¬ 
position S = dY^^j=i with Hilbert-Schmidt operators Bj : V —)■ X satisfying 
(127)1 and dehning T according to fl^ . 

Example 3. In this example, we consider the covariant phase-space instruments as¬ 
sociated with covariant phase-space observables. The phase space of an n-dimensional 
physical system is modelled by We denote the elements of by pairs (q, p) 
of M”-vectors. The Hilbert space V associated with the system is L^(M"') (equipped 
with the n-fold Lebesgue measure). As a symmetry group, one has the Heisenberg 
group G = X T with the group law 

(q, p. «)(q', p', *') = (q + q', p + p', . 

The subgroup H consists of elements (0, 0, f), f G T, so that H 

We dehne the Weyl representation IT : G —)■ ll(L^(M"')) inducing the phase-space 
translations through 


(VP(q, p, ()»>) (x) = lei-Pe'-Xx + q) 
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for all if G and a.a. x G M"'. The Weyl representation is square integrable 

with d = (27r)"'. In fact, this representation is also irreducible. Note that all opera¬ 
tors on commute with the subrepresentation T 3 t ha iy(0, 0, t) = 

The elements of 0'^(r2) (resp. are called as covariant phase-space observ¬ 

ables (resp. instruments). Any such observable M 5 is dehned by a positive trace-1 
operator S on and the formula 

M5(X) = (27r)-" [ lTo(q,p)Wo(q,p)*dqdp, X G 
Jx 

(as in 023])) where ITo(q, p) := iy(q, p, 1) for all q, p G and the integral is 
defined cr- weakly. Now the structure of any instrument T G whose associate 

observable is M 5 is determined by a decomposition S = (27r)"'^ ^ ^ 
{cxo} (where Bj G /C(L^(R"')) are Hilbert-Schmidt operators) and 



(a-weakly) for all X G and b G L{L‘^{W^)). 

8. Conclusions and discussion 

In this paper, we have studied covariant positive (sesquilinear form valued) kernels 
in the context of modules and characterized (essentially all of) the extreme points of 
convex sets of such maps. Particularly, we have concentrated on completely positive 
maps in the case where the algebras involved are IT*-algebras. A physically rele¬ 
vant corollary of these results is the characterization of the extremal (generalized) 
covariant quantum instruments. We have seen that covariant instruments can be 
dilated into canonical systems of imprimitivity when the value space of the instru¬ 
ments is a transitive space of a Icsc symmetry group. Finally, we have discussed 
in more detail the standard covariant quantum observables and instruments whose 
value space is a transitive G-space G/H where the stability subgroup H is compact 
and the symmetry group G is unimodular and of type I. Theorems |5] and [ 6 ] give the 
general structure for such covariant observables and instruments. 

It should be pointed out that we can generalize Theorem [H] for covariant instru¬ 
ments T G (fl) (with separable spaces V and X) whenever hi is a transitive space 
of a Icsc group G and the associated observables M G 0*^(r2) have the structure as 
in (l23|l with a dense G-invariant domain V C V and a linear map A : V —)■ inter¬ 
twining U\h with some strongly continuous representation p : H ^ ^^(M*^). Indeed, 
as in the proof of Theorem [ 6 l using Proposition | 6 ] and flT 6 |l . one obtains the struc¬ 
ture (12^ for any such P G A particular example where these requirements 

are met is the case of a Icsc Abelian symmetry group and a general transitive value 
space, see [3 HB]. Thus, especially, when U : G ^ 'U(V) and G 3 g Ug E U(X) 
are strongly continuous unitary representations of a Icsc Abelian group G and hi is 
any transitive G-space, each P G J^(f2) has the structure given in (I2B]) . The con¬ 
ditions on 0 ^(G) (note the trivial stability subgroup) are also satished in the case 
of a non-unimodular Icsc symmetry group and an irreducible (projective) unitary 
representation G : G —)■ 'U('V) [23], meaning that, for any strongly continuous uni¬ 
tary representation G 3 g ^ Ug E 'U(X), we have a similar structure theorem as 
Theorem [ 6 ] for covariant instruments P G J(((G). 
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To extend the results of Section [7] to the general case of a Icsc (possibly non- 
unimodular) symmetry group G (of type I) and a value space G/H with a non¬ 
compact stability subgroup if, some issues have to be taken into account. For 
example, the Fourier-Plancherel transformation played the central role in our char¬ 
acterization. However, partial solutions exist, as shown in [71 [16] in the case of 
Abelian symmetries, and in [23] in the case of a non-unimodular group and an ir¬ 
reducible representation. In our study, the stability subgroup was compact just 
for the sake of convenience and for the direct link to observables and instruments 
whose value space is the symmetry group itself (as in [THl [T^) but one could expect 
that a generalization to the case of a non-compact subgroup exists. This is, indeed, 
a natural and physically well-motivated direction for future research on covariant 
quantum devices. Moreover, there is a possibility of studying observables and in¬ 
struments with value spaces that are not transitive spaces of the symmetry group. 
The problem in these settings is how to (measurably) ‘stitch up’ such a value space 
from the transitive orbits of the group, since the structure of covariant CP maps on 
individual orbits of positive measure can essentially be solved, as showed in Section 
O Unfortunately, the orbits are usually zero measurable and the direct reduction to 
orbits fails [3^ . 

It still remains to be studied to what extent the results obtained in Section [7] can 
be generalized to the case of a covariant CP map dehned in the context of a general 
A-module V instead of a simple Hilbert space V (a C-module). An obvious problem 
that arises, when trying to generalize Theorem |6] into this framework, is the proper 
dehnition of a dense submodule Vq C V such that, for any normal covariant CP-map 
S : T(X) 0 L°°(z/) —)■ one can write 


Sb®}{v,w)= [ f{g)'^{ugBjU{g ^)vybUgBjU{g du{g) 

.-1 


(a-strongly) for all b G T(DC), / G L‘^(z/), and n, w G Vq. Obtaining such a structure 
result for covariant CP-maps seems to depend a lot on the structure of the module 
V which is, in this paper, not hxed. One might think that in particular examples of 
the module V this result should be valid. 


Appendix: An auxiliary lemma 

We say that two measures u and u' on a measurable space (O, S) are equivalent 
and write p ~ p' if p and p' are absolutely continuous with respect to each other; 
we let dp'/dp denote the Radon-Nikodym derivative of p' with respect to p. For any 
cr-isomorphism T : O —)• O, i.e., invertible S-measurable map T : O —)• O such that 
T ~^ is also S-measurable, we denote the measure X ha p(T(X)) by pt. 

Lemma 1. Suppose that T : Q ^ Q is a a-isomorphism and ut ^ For an 
operator B G T(1K®), df® = dv(u:), the condition 


Fxx — Xt{x)B 
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holds for all X if and only if there is a weakly u-measurabl^ field u i—)■ Bt{oj) 
of operators Bt{oj) : ^Kn(T-i(tj)) —^ such that 

I/—ess sup ||i?T(i^)|| < oo 


(34) = BT(u,),p{T-'{u,))Ji!f^, 

(35) (B»(w) = BT{T{u,))^P^T^u,))J^f^ 

for all fj G 3^0 and v-a.a. u E VL. Furthermore, B is unitary if and only if 
n(T(u,)) = n{u) and Bt{oo) : —)■ is unitary for u-a.a. u E Q. 


Proof. Define operators Kt, Kt-i E £(L^(z/) ® fKoo) through 


(AVV-)(c.) = 

for all f) E Lf{v) ® Iffoo and i/-a.a. u E VL. These operators are unitary; a direct 
calculation shows that ||ii'(r'0|| = ||'0|| for all f) E -h^(z/) ® IKoo and = 

The direct integral space 1K0 can be viewed as a closed subspace of T^(z/) <8 
“Koo (see, Remark 0]). Indeed, for all n E {0} U N U {cxd}, let Qn ■ —)■ IKoo 

be an isometry and define a decomposable isometry Q : J-C^ —)■ Lf{i') 0 TCoo via 
(Q'tfjluj) := Q(uj)i/^(uj), E IK®, where Q{oj) := Qn{u})- Let B = QBQ* E T(L^(z/)(8 ) 
IKoo). For each / E we consider / as a multiplicative operator of both IK® 

and T^(z/) 0 ‘K^o, i-e., we identify QfQ* with /. Direct calculation shows that 
{BKt)xx = ^(BKt) for all X G S. This implies that the operator Bt = BKt 
is decomposable, Bt = Bt{oj) di'(u) [131 Theorem 1, p. 187]. Since Q*Q = 
and thus B = Q*BQ we have 

{Bfj){u:) = {Q*BTKfQfj){u:) = Q*{u:){BTKfQfj){u:) 

= Q*{u:)Bt{u:){K*tQ^P){u) 

= Q-(a.)Br(^)Q(r-‘(^))V-(r-‘(^))J ''77(‘® ^ 

for all fj E CK® and z/-a.a. a; G D, so that, when we denote 

Q*{uj)Bt{uj)Q{T-\u)) =Bt{uj) 


^^That is, for all p, E K®, the maps Q ^ to (y(w)|i?T(w)^(T“^(a;))) S C are (Si,,®(C))- 
measurable; here is the z/-completion of S and ®(r) denotes the Borel cr-algebra of any topo¬ 
logical space r. 















COVARIANT KSGNS CONSTRUCTION 


AND QUANTUM INSTRUMENTS 


41 


for z/-a.a. a; G we obtain flMjl . 

One easily sees that B*^ = for all X G E which, according to the 

hrst part of this proof, implies that there is a weakly measurable held u ha B\uj) of 
bounded operators, B'{u) : 0-Cn(T(ui)) —t with z/-ess sup^g^^ ||i?'(a;)|| < oo such 

that 

{B*'ip){u) = B'{u)'ip{T{u))^j^^^ 
for all Ip G dC® and z/-a.a. u E Q. Comparing expressions 

{<fW) = j^{ip{u)\BT{u)'ip{T-\u)))^j^^^^du{u) 

= {V [T (c^)) I(T(a;))^(a;)) dv{u) 

and _ 

{B*^\'ip) = j^{B\u)^{T{u))\pj{u))^j^^^du{u) 

for all (f, tp E IK 0 yields B'{uj) = BT[T{u})y for i/-a.a. a; G O. This proves (I5SD . 
The proof of the converse claim is straightforward. 

It is easy to check that, for an operator B G £(1K0) of B*B = if and 
only if Bt{T{u))*Bt{T{u)) = for i^-a.a. a; G fl. Moreover, BB* = if and 

only if Bt{uj)Bt{uj)* = for i/-a.a. a; G Hence, B G T(1K0) is unitary if and 

only if Bt{uj) is unitary almost everywhere and hence the spaces 0-Cn(aj) and 0-Cn(T(aj)) 
are isomorphic. □ 
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